Sage Tutorial in Russian
Bbinyck 9.6

The Sage Development Team

untoH. 30, 2024






OrnaeneHune

Bsenenue

1.1 VCTAHOBKA .« . v v v v v v et e et e e e e e e e e e e e e e e e e
1.2 Pabora B Sage . . . v . .o e e e e e e e e
1.3 Temm Sage . . . o v o v v e e e e
Typ no Sage

2.1 IlpucBamBamme, CPABHEHNE W APUMMETIKA « « « « + v v v v v e v e v e e e e et e e e e e e e e
2.2 TIOMYTIEHME TIOMOTIIHT . + « v v v v v v e e e e e e e e e e e e e e e e e e e e e e
2.3 OYHKIUH, OTCTYIBI M CAETUUKI .+ + « v o v v e e e e e e e e e e e e e e e e e e e e e e e e
2.4  DBazoBas anredpa M BBIUUCTCHUST . . « o o« v v v v v v e e e e e e e e e e e e e
2.5 TlocTpoeHme TPADIKOB . . .+« v v v v vttt e e e e e e e e e e e e
2.6  PacmpocrpanéHHBIE TPOOTEMBI € DYHKITIAMI . « . « « « o o o o v e e e e e e e e e e e e e e o
2.7  OCHOBHBIE KOJIBIIA . « v &+ e v v v e e e e e e e e e e e e e e e e e s e e e e e e
2.8 JIMHEHHAS aJTeldPa . . . .« ¢ v v v v e e e e e e e e e e e e e e e e e e e e e
2.9  TIOMHHOMBI . . . . . . o i ittt e e e e e e e e e e
2.10 Koneunbie rpymiibl, AGETEBBI TPYIIIIBL .« « « « o« v v et e e e e e e e e e e e e
2.11 TeOpHS FHCET . . o v v v v v v i it e e e e e e e e e e e e e e e e
2.12 HeMHOrO BBICIIEH MATEMATHKI . . « . « « « o o v e et e e e e e e e et e e e e e e e e

NuTepakTuBHasi 000I0UKa

3.1 Bama ceccHst Sage . . . . . .o i i e e e e e e e e e
3.2 ZKypHasmpoBaHUME BBOJA U BBIBOMA . « « « « o o v v e v et e e e e e e e e e e e
3.3 DBcraBka UTHOPHUDPYET HPUIVIAIIIEHIE . . . .« ¢ o o o v v v e e e e e e e et e e e e e et e e e
3.4 KoMaHIbl UBMEPEHUS BPEMEHI . . . . « « « v v v e e e et e e e e e e e e e e
3.5 OmMOKHU M UCKITEOUEHUST . « . + o v v e vt et e e e et e e e e e e e e e e e e e
3.6 OOpaTHBII MOUCK U ABTOMOIOMHEHIE . .« . + o o o v v et e e e e e e e et e e e e e e e e
3.7 BcerpoeHHaS CIIPABOTHAS CHCTEMA . . « « v v v v v vt e e e e e e e et e e e e e e e
3.8 Coxpanenne u 3arpy3Ka OTHEIBHBIX OOBEKTOB . .« « v v v v v v e e it e e e e e e e
3.9 CoxpaHeHue U 3arpy3Ka IMOJHBIX CECCHUM . .+ + v v v v v v v v e v e e e e e e e e e e e e e
NuTepdeiico

4.1 GP/PARL. . . . o
4.2 GAP e
4.3 Singular . . . .o e
4.4 Maxima . . . ..o e e e e e e e e e e e

IIporpamMmupoBaHue

CU Ut s W

11
14
20
23
26
28
32
36
38
40

49
50
o1
52
53
54
56
56
58
60

63
63
65
66
67

69




5.1 3arpyska u npukperieHue QaiiioB SAZe . . . . . . . v e e e e e e e e e e e 69
5.2  CosaHue KOMIMJIUPOBAHHOTO KOMA . « « « « o« v v vt e e e e e et e e e e e e e e e 70
5.3  Camocrogrenbubie ckpuntel Python/Sage . . . . . . . . . ... oo 71
5.4 THIOBI JAHHBIX .+« v v v v e e e e e e e e e e e e e e e e e e e e e e e e e e e 71
5.5  Crucku, KOPTEKU U MOCTETOBATEITEHOCTI « « « o v o e v v e e e e e e e e e e e e e e e e 73
5.6 CUHOBADH . .+ v v v v e e e e e e e e e e e e e e e e e e e e e 75
5.7 MHOMKECTBA .« « « v v v v v v e i e et et e e e e e e e e e e e e 76
5.8  HTepaTopbl . . . . . . o e e e e e e e e 77
5.9 Tukier, GyHKIUN, YIPABIAONIAE KOHCTPYKIIUA U CPABHEHUIS . . « . « . « « « o o o o o o o o . 77
5.10 TIpodmmmpoBaHUE . . . . . . . ..o e e e e e e e e 80
6 UVcmnosb3oBanue SageTeX 83
7 IlocaecsoBue 85
7.1  Tlowemy Python? . . . . . . . . 0 e 85
7.2  Kak npuaarh yuaactue B pa3zpabOTKe Sage? . . . . . . . . .. i e e e e 87
7.3 Kak npaBmIbHO CCBUIATBCT HA SAZET . .« v v v v v v e i e e e e e e e e e e 87
8 Jlomosnenue 89
8.1 Ilpumopurer GWHAPHBIX APUPMETHIECKAX OMEPATOPOB .« « o« o v o v e v e e e e e e e e e oo 89
9 BubGauorpadus 91
JIuteparypa 93




Sage Tutorial in Russian, Beinyck 9.6

Sage — 910 GecriaTHOE U CBOOOHO PACIPOCTPAHIEMOE MATEMATUYECKOE IMPOTPAMMHOE 00eCIedeHne ¢ OT-
KPBITBIMHA HCXOJIHBIMHU KOJIAMU JIJIsT UCCJIEIOBATEILCKOM PabOThI M OOYUIEHUS B CAMBIX PA3JIMIHBIX 00JIACTAX
BKJIFOUasi ajrebpy, FeOMETPUIO, TEOPUIO 9UCesI, KPUIITOIPAMUIO, YNCIEHHbIE BhIYUC/IeHUs u Apyrue. Kak mo-
JIeJib pa3paboTKN Sage, TaK W YCJIOBUS €r0 PACIPOCTPAHEHNUsI M UCIIOJIH30BAHUST BEIODAHBI B COOTBETCTBUU C
MPUHIUIIAMEI OTKPBITOM ¥ COBMECTHON pabOThI: MBI cCOOMpaeM MAIuHy, a He nepen3obperaeM kojeco. OgHoi
U3 OCHOBHBIX IleJiell Sage sIBJIsieTcsl CO3JIaHKe JOCTYIIHOM, OecIuiaTHON M OTKpPBITON ajbrepHaTuBbl Maple,
Matematica, Magma u MATLAB.

Hacrosimuit nokymenT pacrpocrpansiercs 1o Jjmnen3un Creative Commons Attribution-Share Alike 3.0.
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2 Ornasnexnne



[naBa 1

BeeneHune

Jannoe yaebHOE mocobme — JIydinii cnocod MO3HAKOMUTBCS ¢ Sage 38 HECKOIHKO JaCOB. Bl MO2KETEe UCIIOJIb-
3oBaTh ero B HTML uwinun PDF dopwmate, a Tak:ke OTKPBITh HHTEPAKTUBHYIO BEPCUIO JIJIsT HETIOCPEICTBEHHOM
paborsl B Sage notebook: nazkmure Help, morom Tutorial. (HTepakTuBHAS BepCUst MOXKET OBITH HEJOCTYII-
HA Ha PYCCKOM si3bIKe, HO MOXKET OBbITh GoJiee MOJIHOM 1 TOUHee COOTBETCTBOBATH TeKyIleil Bepcun Sage.)

CyiecTBeHHas 9aCcTh Sage HAIMCAHA Ha si3bIKe IporpaMMupoBanns Python, ograko ero snanue e Tpedyer-
sl yist 9reHus Janaoro nocobus. Ecoiu Ber noxkenaere y3uars 6osbite o Python (ouens sseranTablii a3bik!),
CYIIECTBYET MHOTO MPEKPACHBIX (M GECIIATHBIX) MCTOYHUKOB. PyKOBOZICTBO st HaumHaromux Python [PyB|
[epedncsieT MHOYKECTBO BapuaHToB. JIJIsT TIepBOro »Ke 3HAKOMCTBA ¢ Sage JaHHOe MOCOOWe sIBJISIETCST OTIIIY-
HOI oTHpaBHO# TouKOil. VTak:

sage: 2 + 2

4

sage: factor(-2007)
-1 % 372 % 223

sage: A = matrix(4,4, range(16)); A
[0 1 2 3]
[4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor(A.charpoly())
x~2 * (x°2 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m
[-3 1]
[2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x73 + 2%x72 + 4*x + 5
over Rational Field

sage: E.anlist(10)

(o, ¢+, 1, 0o, -1, -3, 0, -1, -3, -3, -3]

sage: E.rank()

1

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36xI*sqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256*1
sage: N(k,30) # Townocme 30 6um

0.16549568 - 0.052149208*I
sage: latex(k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 YcrTaHoBKa

Eciin Ha BameM KOMIIbIOTEpE HE YCTAHOBJIEH Sage, U Bbl XOTUTE MOIMPOOOBATH HEKOTOPBIE KOMAH/IBI, BOCIIOJb-
3yiiTech 3T0i cchIKOit: http:/ /sagecell.sagemath.org.

PyxoBozcTBO 110 ycTaHOBKE Sage MOXKHO IIPOCMOTPETH Ha IVIABHOM CTpaHHUIle Sage B pa3/iese JOKYMEHTAINN:
[SA] Baech MbI IpUBEEM JIUIIL HECKOJILKO KOMMEHTADUEB:

1. 3arpy:keHHbI (ailsl yCTAHOBKH Sage sIBJSIETCS CaMOJOCTATOYHBIM. 1O ecTh, XOTs Sage HCIIOJIb3yeT
Python, IPython, PARI, GAP, Singular, Maxima, NTL, GMP u 1.7., oT/1e/bH0I yCTAHOBKH BBIIIIE-
[IEPEYNCIIEHHBIX IAKETOB He TpebyeTcsi, TaK KaK OHHU yKe BKJ4YeHbl. OJHAKO, JJIST UCIIOJIB30BaHUS
HEKOTOPBIX QyHKIWi Sage Takux, kak Macaulay wim KASH, Bbl J0/IKHBI yCTAHOBUTH TPEOYIOIIMECS
daitsibl WM UMETh COOTBETCTBYIOIINE IPOTPAMMBI Ha BAIleM KOMITbIOTEPE.

2. TlpenBapuTebHO CKOMITMIMPOBAHHYIO OMHAPHYIO BEPCUIO Sage, KOTOPYIO TaK»Ke MOXKHO HAWTH Ha BEO-
caiiTe, Oy/mer Jierde yCTaHOBUTH, Y€M BEPCHIO B HCXOmHOM Koje. IIpocTo pacnakyiiTe u BBIIOJIHUTE
sage.

3. Eciiz BB )kejmaere ucnosb3oBaTh naker SageTeX, KOTOPBIN MO3BOJISIET BCTABJISITh PE3YJIBTATHl BBIUUC-
sennit Sage B LaTeX daiin, Tpedbyerca caenars SageTeX mapectubim Bamreit cucreme TeX. st aToro
uzyuaure cekimio «Make SageTeX known to TeX» B Pykosozcrse 1o ycranoske Sage (naHHas CCbhLI-
Ka BeJleT K JIOKAJIbHOMY Pa3MEIEHHI0 KOIMU PYKOBOJICTBA 110 YCTAHOBKE). DTO JOBOJILHO IIPOCTO; BAM
ITOHAI00UTCSI BCEro JIUIIb CKOIIUPOBATH OUH (hailyl B JUpeKTOpHio moucka TeX.

Hokymenrarust mo ucnosibzoBarmio SageTeX naxommrcest B $SAGE_R0O0T/local/share/texmf/tex/
latex/sagetex/, roe «$SAGE_ROOT» COOTBETCTBYET JIUPEKTOPHUH, T/I€ YCTAHOBJIEH CaM Sage, HAIIPUMED,
/opt/sage-4.2.1.

4 Fnasa 1. BsepeHnune
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1.2

PaboTta B Sage

Pabora B Sage MoxkKeT OBITH OCYIIECTBIEHA HECKOJBKUMU Iy TSIMU:

1.3

Notebook (rpadudecknii uarepdeiic): samycrure sage — njupyter; auraiire Jupyter
documentation on-line,

NuTepakTuBHasgs KoMaHgHAsA CTPOKa: cM. Mnmepakmuenas 000404Ka;

ITporpaMmsbr: co3naHie MHTEPIPETHPYEMbIX U KOMIMJIMPYEMBIX IporpaMM B Sage (cM. 3azpyska u
npuxpenserue Patinos Sage m Cozdarnue KOMNUAUPOBAHHO20 K00a);

CKPpUIITBI: CO3JaHNEe CAMOCTOATEIHLHBIX CKpUITOB Ha Python, ucnonbsyomux 6ubiuorekn Sage (cM.
Camocmosmenvrvie cxpunmo, Python/Sage).

Llenn Sage

Ilose3ubrii: mpeanoaraeMast ayJIuTOpHsl MOJb30BaTe el Sage — 9TO MIKOJBHUKU CTAPIIAX KJIACCOB,
CTYAEHTHI, yuuTeJisi, Tpodeccopa U MaTeMaTHKHA-UccaenoBaTeau. 1leb: mpegocTaBuTh MporpaMMHOE
obecrieduenne, KOTOPOe OBLIO OBI TOJIE3HO I N3y UeHU U UCCIEIOBAHUN C TIOMOIIBIO MATEMATHIECKUX
KOHCTPYKIIUi B ajrebpe, TeOMETpHUH, TEOPUH YUCEJ, YACIEHHBIX BBIUUCICHUSAX U T.JI. Sage yIpOoIaeT
MHTEPAKTUBHOE SKCIIEPUMEHTUPOBAHKE C TTOMOIIHI0 MATEMATHIECKUX 00HEKTOB.

DddekTuBHbIin: Bynbre ObICTPHIMA B BBIYUCETHUSX. Sage MCIOIb3yeT BBICOKOOITUMU3UPOBAHHOE
nporpammvuoe obecrieuernne, kKak GMP, PARI, GAP, and NTL, u nosromy siBjisiercst 09€Hb ObICTPBIM B
oTIepaIusx.

CB0OOIHBIN 1 OTKPBITHIH: VICXOMHBIN KOJI, JOJIXKEH OBITH CBOOOIHO JOCTYIIHBIM, TEM CAMBIM IIPEIOCTAB-
Jidd IIOJIb30BaTeJJIAM BO3MO2KHOCTDL ITOHATDH, YTO MMEHHO BBIIIOJIHACTCA CI/ICTGI\IOIU/I, 1 JIerKO JOIIOJIHATDH
ee. Tak ke, KaK ¥ MaTeMaTUKu puobpeTaroT H6ojee rirybOKOe MOHMMAHUE TEOPEMbI, YIJIyOJIsiscCh B ee
J0Ka3aTeJbCTBO, JIIOAW, BBIIIOJTHAIOINNWE BBIYHUCJICHNA, B CUJIaX IIOHATH, KaK 3TH BBIYHCJICHUA IIPOU3BO-
JISITCSL, TIOUUTAB JIOKYMEHTHPOBAHHBIN UCXOMHBIN KO Eciin BBl NCIIOIb3yeTe BEITUCIECHIS Sage B CBOUX
yOJIUKAIMSAX, BB MOXKETe OBITH yBEPEHBI, UYTO BaIlld YUTATEJN OyIyT BCETJa UMETh JIOCTYI K Sage u
BCEMY HCXOJHOMY KOJY. Bl TaK2>Ke MO2KeTe apXUBUPOBATH U ITepepacCIpeae/IsATh UCIIOJIB3yeMY1I0 BEPCUIO
Sage.

Jlerko KoMIIMJIMPpYeMBbIii: Sage [I0/KHO OBITH JIEFKO CKOMINJINPOBATH U3 HMCXOIHBIX KOJOB IO
GNU/Linux, OS X u Windows. 910 IpeJoCTaBUT II0JIb30BATENSIM BO3MOXKHOCTH MOAUMUIIIPOBATEH
U ONTUMU3UPOBATH CUCTEMY TIOJ CBOUM IPEJITOYTEHNUS.

BzaumogeiicrBue: Obecrieunth TPOCThIE U HAJIEXKHBIE HWHTEPGENHCHI Ijis MHOIUX JIPYTUX CHCTEM
KoMIIbioTepHoii ajredpnl, Briodas PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and
Mathematica. Sage co3man 1y 0O0beqUHEHNS W PACIIUPEHUS BO3MOXKHOCTEH CYIECTBYIOIIErO MaTe-
MaTHUYIECKOIO IIPOTPAMMHOIO 00eCIIeYeH sl

Xoponio JOKyMeHTHPOBaHHBIN: Brl nMeere moctyn K ydeOHOMY OCOOMIO, PYKOBOJICTBY IIO IIPO-
rPaMMUPOBAHUIO, CIIPABOYHOMY PYKOBOJICTBY 1 how-to, BKJIIOUAIOIIHE B ce0st MHOTOYNCIICHHBIE TIPUMe-
DBl 1 06Cy2KJIeHIe MAaTeMaTUIECKON ITO/IOIIEKH.

Pacmupsiembrii: O0bsBiistiiTe HOBbIE TUIBI JAHHBIX WA PACIIUPSIATE BCTPOEHHBIE, UCIIOIB3YiTe KOJI,
HaIIMCAHHBIA BO MHOXKECTBE A3BIKOB.

Jpy>xkecrBennbrii: Bam Gyjer jierko noHuMarh QpyHKIMOHAIBHOCTD JIFOOOI0 00bEKTa, a TaKXKe IIPOo-
CMaTPUBAThH JOKYMEHTAITUIO U UCXOMHBIN KOj. Tak:Ke mMelTe B BHUJY BBICOKHI YPOBEHb TOJJIEPIKKHI
OJIb30BaTE e,

1.2.
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[naBa 2

Typ no Sage

JlaHHBIN pa3es MOKaXKeT, 4TO JOCTynHO B Sage. s npyrux mpmmepoB cm. «Sage Constructionss, rae
HAXOJATCS OTBETHI HA 9acTO 3aJiaBaeMble BOMPOCHL. Takxke cMm. «CrpaBodHoe pyKOBOJICTBO Sage», B KOTO-
POM MOYKHO Ha#TH Thicsun npyrux npumMepos. C JaHHON 9KCKypcueit MOXKHO paboTaTh HHTEPAKTUBHO, €CJIN
zamyctuth Sage Notebook n HaxkaTh Ha cchlIKy Help.

(Ecam ypoku npocmarpusatorca B Sage Notebook, maskmure shift-enter i TOro, 4ToObl BBIYHUC/IUTD
Jo0yI0 sueliky BBoja. JJo Haxkarus coderanus Kiaasuml shift-enter MOXKHO PeJAKTHPOBATH TEKCT BBOJA.)

2.1 lNpuceanBaHue, cpaBHeHne n apudmMmeTuka

C HEKOTOPBIMU UCKJIIOUEHUSIME Sage NCIOJIb3yeT sI3bIK IIporpaMMupoBanus Python, mosromy muorne Kaurm,
sHakoMsImme ¢ Python, momoryr B u3ydennn Sage.

Sage ucmonb3yer = 1jisi TPUCBAMBAHUA. ==, <=, >= < U > UCIOJIB3YIOTCH JJIsi CDABHEHUS:

sage: a = 5

sage: a
5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == b
True

Sage oA aepzKmnBaeT BCe 0a30BbIe MaTeMaTUIEeCKUe olepalmmn:

sage: 2%*3 # *x o3Hauwaem eo3gedeHue & Ccmeners
8

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: 273 # e Sage u *¥* cunoHumsl (6 omauwue om Python)

sage: 10 % 3 # Oas yeasx wucea ) osHawaem mod, m.e. e3amue 0cCmamka

sage: 10/4

5/2

sage: 10//4 # 0aa yeavx wucea // 03HGMAEM YEAOUUCAEHHOE HACMHOE
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372%4 + 25

38

Borunciienne BhIparKeHust, TAKOTO Kak 372%4 + 27,5, MPOU3BOJNUTCA B COOTBETCTBUM CO CTAPIITHHCTBOM OITe-
panuit, Kak onucaso B IIpuopumem OunapHur apu@hMemuieckus onepamopos.

Sage TaKzKe IMOJICP2KUBaCT MHOT'HE MaTeMaTHU4IeCKUue (byHKI_II/II/I

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt (3)

Kak nmokassiBaeT mocjeHuit npuMep, HEKOTOPhIe MATEMATUIECKIE BHIPAYKEHUsT BOZBPAIAIOT ,,TOUHbBIE" BEJIH-
YUHBI, HO HE YUCJIEHHBIe TPUO/mKeHus. /st Toro, 9To0bI MOy YUTh YUCIEHHOE IPUOJINKEHNEe, UCIIOIb3yiiTe
dyukumio n uim meron n (06a uMeror GoJiee IJIMHHBIE HA3BaHUs - numerical _approx; dyaknus N - 910 TO
’Ke camoe, 4ro ¥ n). OHU IPUHUMAIOT HeoOsA3aTe/IbHbIE APIYMEHTBI Prec, KOTOPBI OlpeesiseT KOJIUIeCTBO
O6UTOB TOYHOCTH, 1 digits, KOTODPHI OnpeesseT KOJIUIECTBO JeCATHIHBIX Iudp TounocTtu. [lo ymosraanuio,
puMeHsieTcst 53 6UTa TOYHOCTH.

sage: exp(2)

e”2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi) .numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python umeer quHaMuyeckuii KOHTPOJIb THIIOB, TAK 9TO 3HAYEHNE, HA KOTOPOE CChLIAETCS [IEPEMEHHAST, UMEET
THII, cBsA3aHHBI ¢ HUM. OJ[HAKO, JaHHAs IIepEMEHHAsI MOXKET COEpKATh 3HAYeHne JI000ro THIIA U3 SI3bIKa
Python:

sage: a = 5 # a - uyesnoe wucao

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # menepe a - PAYUOHAALHOE HUCAO

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: type(a)
<class 'sage.rings.rational.Rational'>

sage: a = 'hello' # menepe a - cmpoka
sage: type(a)
<... 'str'>

Azpik C, KOTOPBIT UMeeT CTATHIECKUl KOHTPOJIb TUIIOB, CYIIIECTBEHHO OTJIMIACTCS; Ie€PpEeMeHHAast, 00bIBJIEH-
Hagd Kak Iejloe YHUCJI0, MOXKEeT COJiepKaTh TOJIbKO I1eJI0e YHUCIIO.

2.2 lNony4yeHne nomouin

B Sage ectp ncuepubiBaomas BCTpoeHHAS TOKYMEHTAINs, K KOTOPOI MOXKHO TOJIyIUTh JOCTYII, HAIleIaTaB
nMs QYHKIIANA U KOHCTAHTHI C ITOCJIEIYIONTIM BOIIPOCUTEIbHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES:
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1

(1 - log(2))/(log(2) + 1)

sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)

log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku(A)
Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
sage: A = matrix(Zz,9,[5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,

0,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,

0,o0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,

0,0,0, 4,9,0, 0,5,0, 0,0,31)
sage: A
[5000800 4 9]
[0005000 30]
[067 30000 1]
[1t50000000]
[000208000]
[0000000O0 18]
[700004150]
[030002000]
(49005000 3]
sage: sudoku(A)
[6513687249]
[84952163T7]
[267 3495 81]
[158463972]
[97421836 5]
[326795418]
[78293415 6]
[6 3517289 4]
[4918567 2 3]

Sage Tak»Ke IIPeIOCTABIISIET BO3MOKHOCTD ,,ABTO3aBepIeHns: HalledaTaiiTe HECKOJIBKO IIEPBbIX OYKB Ha3Ba-
nus dyukiun u Haxkmure TAB. Hanpuwmep, ecimm mamevarars ta n Haykatb TAB, Sage BbiBejsieT tachyon,
tan, tanh, taylor. /lamnas OyHKIUS SBISETCH XOPOIIMM CIOCODOM MOUCKA MMEH (DYHKIWI WU JPYTHAX
KOHCTPYKIIUH B Sage.
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2.3 ®DyHKUUU, OTCTYMNblI U CHETUYUKN

st Toro, 9Tobb! ompeieuTh (BYHKIHIO B Sage, NCHOIL3YiiTe KoMaHy def U JBOETOUME MTOC/IE CIIUCKA UMEH
IIepeMeHHbIX:

sage: def is_even(n):

ce return n)2 == 0
sage: is_even(2)

True

sage: is_even(3)

False

3amerka: B 3aBucumocTn oT Bepcumn yqe6H0r0 mocoousi Ha BTOpOfI CTPOKE 9TOro npumMepa MO2KHO YyBUJIETb
....:. He megaraiire "X, TaK KaK OHU CJIyzKaT JINIIb JJid TOrO, 9TOOBI OKA3aTh OTCTYUBI B KOJIE.

He ompenensiite tumos aprymeHTOB. MOXKHO ONpENESNTh HECKOJBKO BUJOB BBOJA, APTYMEHTHI KOTOPBIX
MOTYT UMeTh 3HaYeHUs 10 yMoTdanuio. Hampumep, GyHKIMSA B C/IeIYIONMEM IPUMeEpEe UCITOIb3yeT divisor=2,
ecan divisor He 3aJlaH.

sage: def is_divisible_by(number, divisor=2):
R return numberydivisor ==
sage: is_divisible_by(6,2)

True

sage: is_divisible_by(6)
True

sage: is_divisible_by(6, 5)
False

Tak>ke MOXKIO 3aaBaTb BBOAHBIC JAaHHbIC B dABHOM BHIE IIPU BbI3OBE (byHKHI/II/I Ecim 3aaBaThb IIapaMeTpPhbI
ABHO, TO IIOPAJOK HE BaKEH:

sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

B Python 6710ku k072 He OTHIESIIOTCS (DUTYPHBIMU CKOOKAMU WJIN JPYTUMHU ODO3HAYCHUSIMU, KaK B JPYTHUX
sA3bIKaX. BMECTO 9TOro MCIoJb3yoTcsa oTcTybl. Hanpumep, ciemayromee BbIIACT CHHTAKCUIECKYIO OIIHOKY,
TaK Kak IepeJ; return HeT TAKOro YKe KOJIMYeCTBA OTCTYIIOB, KAK B MPEJBbIILYIINX CTPOKAX.

sage: def even(n):
ce v =[]
coa for i in range(3,n):
Lol if i % 2 == 0:
ce v.append (i)
cee return v
Syntax Error:

return v

Ecmu nobaButh orcrymnbl, GyHKIMS OyaeT paboTarh:

sage: def even(n):
ce v =[]

ce for i in range(3,n):

(continues on next page)

2.3. ®PyHKUUKU, OTCTYNbI U CHETHUKN 11




Sage Tutorial in Russian, Bbinyck 9.6

(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

if i % 2 == 0:
ce v.append (i)
ceelt return v

sage: even(10)

(4, 6, 8]

Toukm c 3amgaToll He HYKHBI Ha KOHIAX CTPOK. MOXKHO pPacmoIOKUTh HECKOJIBbKO YTBEPXKICHUN Ha OJIHON
CTPOKE, OTJICJICHHBIX TOYKAMU C 3aIIATOH:

sage: a =5; b=a+ 3; c =b"2; c
64

Ecnu tpebyercs pacmosoKuTh CTPOKY KO/a Ha HECKOJIBKUX CTPOKAX, UCIOIB3YiTe \:

B Sage cueTunky IpOM3BOIAT UTEPAIUH 110 HHTEPBAJLY IeJIbIX Ynces. Hamnpumep, nmepsasi CTpoUKa B IPUMEPE
o3Ha4JaeT To xKe camoe, 9ro for (i=0; i<3; i++) B C-++ mmm Java:

sage: for i in range(3):
ce print (i)

N~ O

IlepBas cTpouka B ciemytorneM npumMepe 3KBuBajgeHTHA for (i=2;i<5;i++).

sage: for i in range(2,5):
cet print (i)

Tperuit apryment 3agaer mar. Creayrolee SkBUBaJieHTHO for (1=1;1<6;i+=2).

sage: for i in range(1,6,2):
cet print (i)

Yacro Tpebyercst co31aTh TaOIUILY JJIsd BEIBOJIA YUCE, IOCIUTAHHBIX B Sage. Jlerkuil crocod — ucrmoap30BaTh
dopmaTupoBanue ctpok. Huke cozmaercsa tabiuia ¢ TpeMs cToadiamMu MuUpUHON 6, comepxkaras Tadbuiy
KBaJIPaTOB U KyOOB:

sage: for i in range(5):

print (" % i, it2, i73))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64
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CaMbiM 6a30BbIM THUIIOM JIAHHBIX B Sage siBJISeTCsl CIIMCOK — HabOp pasjindHbIX 00beKToB. Hampumep, Ko-
MaHJIa range CO3/IaCT CIIHCOK:

sage: list(range(2,10))
[2, 3’ 4’ 5’ 6’ 7’ 8’ 9]

ﬂanee IIOKa3aH IIpuMep 0oJiee CJI0XKHOIO CIIMCKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x~3)]

HH,[LGKCBI B CIINCKE HAYUHAIOTCA C HYJId, KAK BO MHOTUX A3bIKaX IIPOTrpaMMUPOBaHUA.

sage: v[0]
1

sage: v[3]
sin(x~3)

Wcnonwzyiite len(v) mist TOro, YTo0OBI MOIYYUTD JJIUHY V; V. append (obj) s Toro, 4To0b! 100aBUTH HOBBIN
00beKT K KoHIy v, 1 del v[i], 9yTo0blI yiaauTh i-il 3JleMeHT U3 v:

sage: len(v)

4
sage: v.append(1.5)
sage: v

[1, 'hello', 2/3, sin(x~3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x~3), 1.50000000000000]

Jlpyroit oueHb BasKHBIl THUI JAHHBIX — CJIOBapb (win acconmaruBHbiii Maccus). OH paboTaer, Kak CIIUCOK,
HO MOXKeT ObITh UHJEKCUPOBAH HOYTH JIIOOBIM 00BHEKTOM (UHIAEKCHI JOJXKHBI ObITH HEM3MEHUMbBIMU ):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

Takzke MOKHO OIpEIC/IUTh HOBBIM TUIl JAHHBIX C UCIOIb30BaHUEM KJlaccoB. MHKamCyImpoBanne MaTeMaTH-
9ecKuX O0BbEKTOB B KJIACCAX — ITO MOIIMHASI TEXHUKA, KOTOpas MOXKET IIOMOYb YIPOCTUTb M OPraHU30BATH
nporpaMMbl B Sage. Hmke mokasan mpumep Kjacca, KOTOPBI COCTOUT U3 CIIUCKA TOJIOKUATEIBHBIX I6THBIX
IEeJIBIX YUCesI J0 M OH IIOJIyYeH U3 BCTPOEHHOIo THlla list.

sage: class Evens(list):

ce def __init__(self, n):

ce self.n = n

ce list.__init__(self, range(2, n+l, 2))
cot def __repr__(self):

Lol return "Even positive numbers up to n."

Merox __init__ BBI3BIBaETCS JIJIs MHATIAAIM3AIUIN O0bEKTA IIPU €TI0 CO3JAHUN; METOJI, __Trepr__ BBIBEIET BCE
00bekThl. KOHCTPpYKTOp CITMCKa BBI3BIBAETCS BO BTOPOil cTpouke Meroma __init__. O6bekT Kitacca Evens
co3JlaeTcd B CJIEJyIOIIeM BH/ie:

2.3. ®PyHKUUKU, OTCTYNbI U CHETHUKN 13




Sage Tutorial in Russian, Bbinyck 9.6

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

3amMerbTe, YTO € BBIBOJIUTCS C IIOMOINBIO METOIA __repr__, KOTOpBI ObLI 3amaH Hamu. st mpocMoTrpa
CITUCKA YHCEJI UCHOJIb3yHTe byHKINO list:

sage: list(e)
[2, 4, 6, 8, 10]

MokHO 00paTUThCsT K aTPUOYTY N WM UCIIOJIb30BATH € KaK CITHCOK.

sage: e.n
10

sage: e[2]
6

2.4 Bba3soBas anrebpa v BblYncCAeHUs

Sage MOXKeT OCYIECTBJISITh BEIYUCJIEHUST TaKKe, KAaK MOUCK PeleHuil ypaBaenuit, nuddepeHnnpoBanme, nH-
TerpupoBanue u mpeodbpaszosanus Jlamraca. Cm. Sage Constructions , riae comepkarcs MpUMepHL.

2.4.1 PeweHue ypaBHeHwUiA

TouyHoe pelieHne ypaBHeHUA

Oyukius solve pemaer ypaBHenus. [ljist ee nCIoIb30BaHNs CHAYAIa HY?KHO OIIPEEINTh HEKOTOPBIE Iepe-
MeHHbI€e; apryMeHTaMu Jist Solve OyayT ypaBHeHHe (WM CHCTeMa yPaBHEHUI) U lepeMeHHbIE, JIJIsT KOTOPBIX
HY?KHO HailTH pelleHue:

sage: x = var('x')
sage: solve(x™2 + 3*x + 2, x)
[X == _2, x == _1]

Moxkno pemaTth ypaBHEHUS [ OJHOI MEepeMEHHON depes3 JIpyrue:

sage: X, b, ¢ = var('x b c¢')
sage: solve([x"2 + b*x + ¢ == 0],x)
[x == -1/2%b - 1/2*sqrt(b~2 - 4*c), x == -1/2%b + 1/2*sqrt (b2 - 4x*c)]

Tak:ke MOKHO peniaTh ypaBHEHHA C HECKOJIBKUMU II€PEMEHHBIMM:

sage: x, y = var('x, y')
sage: solve([x+y==6, x-y==41, x, y)
[[x == 56, y == 1]]

Creytomuit mpuMep MOKa3bIBaeT, KaK Sage perraeT CUCTeMy HeJIMHeHHbIX ypasHueHuit. s Hadasa cucrema
pelaeTcs CUMBOJIBHO:
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sage: var('x y p q')

x, y, P, @

sage: eql = p+gq==9

sage: eq2 = qQ*y+p*x==-6

sage: eq3 = q*y 2+p*x~2==24

sage: solve([eql,eq2,eq3,p==1],p,q,X%,y)

[[p==1, q ==8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8, x,
== 4/3%sqrt(10) - 2/3, y == -1/6%sqrt(10) - 2/3]]

,ZLHSI HpI/I6JII/I}KeHHI)IX 3HAYECHUN pemenuda MOXKHO HCIIOJIb30BaTh:

sage: solns = solve([eql,eq2,eq3,p==1],p,q,X,y, solution_dict=True)
sage: [[s[p]l.n(30), slq]l.n(30), s[x].n(30), sly]l.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(OyHKIMSI 1 BBIBEJIET MPUOJIMKEHHOE 3HaYeHNe. APryMeHTOM Jjist TaHHON (DYyHKIUM SBJSETCS KOJIMIECTBO
GUTOB TOYHOCTH )

YucnexHoe peweHune ypaBHEHMﬁ

Bo muOrmx ciayuasx yHKIms solve He CIIOCOOHA HANTH TOUIHOE peleHne ypaBHeHns. BMecTo Hee MOXKHO 1C-
oIb30BaTh MYHKIMIO find_root s HaX0XKAEHNs YucIeHHoro pererus. Hanmpumep, solve He BO3BpaliaeT
HUYEro CyIIEeCTBEHHOI'O JJjIsl CJIEYIOIIEero ypaBHeHMs:

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)l

C npyroit cropons! ¢gyHkmsa find_root MOXKET MCHOIL30BATHCS /IS PEIIEHUs BBLIMEYKA3aHHOTO IIPUMEpPa
B unrepsae 0 < ¢ < 7w/2:

sage: phi = var('phi')
sage: find_root(cos(phi)==sin(phi),0,pi/2)
0.785398163397448. . .

2.4.2 OunddepeHumpoBaHue, nHTerpupoBaHue u T.4.

Sage ymeer nuddepeHIupoBaTh 1 UHTErpUpoBaTh MHOrue GyHKIuu. Hampumep, jist Toro, 4Tobbl mpoaud-
depennuposars sin(u) 1o nmepeMeHHON u, Tpefyercs:

sage: u = var('u')
sage: diff(sin(u), w)
cos (u)

Iyt moficueTa 4eTBepToi Tpou3BoHol dynKmy sin(x?) Hao:

sage: diff(sin(x~2), x, 4)
16*x~4*sin(x"2) - 48*x"2*cos(x"2) - 12*sin(x~2)

J71s1 HAXOKJeHNS TACTHBIX TPOU3BOIHLIX, KaK, HAIPUMep, A1 GyHKIuE 2 + 17y 00 U iy COOTBETCTBEHHO:
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sage: x, y = var('x,y")
sage: f = x72 + 17xy~2
sage: f.diff (x)

2¥x

sage: f.diff(y)

34xy

T . 1
Tenepb HafiIéM HHTEIDAJIBL: U OLPEJIeTIeHHble, 1 Heonpeeaentse. Hanpumep, [ rsin(a?) dz un fo %ﬂ dz

sage: integral(x*sin(x~2), x)
-1/2%cos(x"2)

sage: integral(x/(x"2+1), x, 0, 1)
1/2%1log(2)

%1 HY2KHO CJIeJIaTh CJleJlyIolee:

s Haxox/1enus pas3jioxKenns Ha IIPOCThIe JIPOOH JIIA —

sage: £ = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 PeweHune andpcepeHuymnanbHbiX ypaBHeHW

Sage MOKeT UCIIOJIL30BaThCA JId pemenns JuddepeHnualbHbIX ypapHenuii. s pemenust ypapnenns x’ +
z — 1 = 0 caenaeM ciemyroree:

sage: t = var('t') # onpedenenue nepeMerHHOlU t OASL CUMBONbHLIT BbIYUCAEHUL
sage: x = function('x") (t) # onpedesnenue dynkyuu T 3asucayel om t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e~t)*e~(-t)

Hast aroro mucnosnb3yercst uaTepdeiic Maxima [Max]|, mosToMy pesysbraT MOXKeT ObITH BBIBEJEH B BUJIE,
OTJINYHOM OT OOBITHOI'O BbIBOJIA Sage. B gaHHOM citydae obiree perenue Jjist JaHHOTO Jud depeHnuabrHoro
ypasaenust - x(t) = e (e + C).

IIpeoGpazosanms Jlamiaca Takxke MOTYT ObITh BeIUHCIeHBI. IIpeoGpaszosanme Jlammaca ams t2e! — sin(t)
BBIUUCJISIETCST CIIELYIOIIM 00pa30M:

sage: s = var("s")

sage: t = var("t")

sage: f = t~2*exp(t) - sin(t)
sage: f.laplace(t,s)

-1/(s"2 + 1) + 2/(s - 1)°3

IIpuBenem Godtee ciaoxkubiit mpumep. OTKIIOHEHHE OT MOJIOXKEHUsT PABHOBECHUSI JIJTsl TTAPhI IPYKUH, IPUKPETI-
JIEHHBIX K CT€HE CJIEBA,

[------ \/\N/N/\N/\---lmaccal|----\/\/\/\/\/----|macca2|

npyxuHal IpyXuHa2

MOXKET OBITH IIPEJICTABJIEHO B BUJE JudhepeHInalbHbIX YPABHEHUNH BTOPOrO MOPSIKA

mlxlll + (k‘l -+ kg)xl — leL’Q =0

mgl‘g + kg(l‘z - Il) = O,
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Ijle m; - 9TO Macca OObeKTa I, T; - 9TO OTKJIOHEHUE OT II0JIO2KEHUSI PABHOBECHSI MacCCHI %, a k; - 9TO KOHCTaHTa
JJ1s1 IDYZKUHBL {.

IIpumep: Ucnonsayitte Sage i BbllieyKa3aHHOrO Ipumepa ¢ my = 2, mo = 1, ky =4, ko = 2, 21(0) = 3,
21(0) =0, 22(0) = 3, 25(0) = 0.

Pemenue: Hano naiitu npeobpazosanue Jlamaca mepBoro ypasHeHusi (C yCJIOBUEM T = X1, Y = Ta):

sage: del = maxima("2+diff(x(t),t, 2) + 6*%x(t) - 2*xy(t)")

sage: ldel = del.laplace("t","s"); ldel

2x((-Yhat ("diff(x(t),t,1),t = 0))+s~2x'laplace(x(t),t,s)-x(0)*s) -2*'laplace(y(t),t,s)+6%
~'laplace(x(t),t,s)

JlaHHBIN PEe3yIbTAT THAXKEJIO YUTAEM, OJTHAKO JIOJI?KEH OBITh MOHST KaK
—227(0) 4 252 - X (s) — 252(0) — 2Y(s) + 6X(s) = 0

Haiinem npeobpasosanue Jlamiaca jijist BTOpOro ypaBHEHUS:

sage: de2 = maxima("diff(y(t),t, 2) + 2*xy(t) - 2xx(t)")

sage: lde2 = de2.laplace("t","s"); lde2

(-hat('diff(y(t),t,1),t = 0))+s~2*'laplace(y(t),t,s) +2x'laplace(y(t),t,s)-2%
—'laplace(x(t),t,s) -y(0)*s

Pezynpbrar:
—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Berasum navasbubie yeaosus mis x(0), 2/ (0), y(0) u y'(0), u pemum ypapenus:

sage: var('s X Y')
(s, X, V)
sage: eqns = [(2%s72+6)*X-2*Y == 6*s, -2%X +(s72+2)*Y == 3x*s]
sage: solve(eqns, X,Y)
[[X == 3%(s"3 + 3%xs)/(s"4 + 5%s~2 + 4),
Y == 3*%(s73 + 5*s)/(s74 + 5xs~2 + 4)]]

Teneps npousBeném obparHoe mpeobpasoBanue Jlarmiaca st HAXOXKIEHUS OTBETA:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s73 + 9xs)/(s”4 + 5%s72 + 4),s,t)
cos(2*t) + 2xcos(t)

sage: inverse_laplace((3*s~3 + 15%s)/(s”4 + 5*%s”2 + 4),s,t)
-cos(2xt) + 4*cos(t)

Nrak, orser:
x1(t) = cos(2t) + 2cos(t), x2(t) =4cos(t) — cos(2t).

Fpa(bI/IK JJId OTBETa MOXKeT ObITH IIOCTPOEH IIapaMeTPpUYeCKH, UCIIOJIb3ysd

sage: t = var('t')

sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*xt) ),
C (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show(P)
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I'paduku MOTyT OBITH TOCTPOEHBI U JIJIT OTJAEILHBIX KOMIIOHEHTOB:

sage: t = var('t')
sage: pl = plot(cos(2*t) + 2xcos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2xt), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

st 6ostee ncaepmbiBaonieil nagopmarun mo rpadpukam cM. [locmpoenue epaguros. Takke cM. ceKIuio 5.5
u3 [NagleEtA12004]| ma yruy6uennoit uadopmanuu no muddepeHnuaibHbIM YPABHEHUAM.

2.4.4 Metop diinepa gns pewenns cuctem amdpcpepeHumanbHblX ypaBHeHWU

B cirenyronem npumepe nokasan Meron Jiiyiepa Jyisi uddepeHIuaibHbIX yPaBHEHH [I€PBOIO U BTOPOI'O
nopsiikoB. CHada 1a BCIIOMHUM, UTO JeJIaeTCs JIJIsl yPaBHEHMIT TepBOro nopsijka. Jlama 3aada ¢ Ha9a IbHBIMI
YCJIOBUSIMH B BHJIE

y' = flz,y), yla)=c,
Tpedyercs HaflTu HTpUOIN3UTEILHOE 3HAYEHNEe peltenus upu ¢ = b u b > a.

W3 ompejiesiennst mpou3BOIHON CIeIyeT, ITO

()~ LT ZVD),

rme h > 0 mamo u gigercsa HebosbmmM. J1o u guddepennuanbuoe ypasaenue gaor f(z,y(x)) =

w' Temepb HAIO PEMUTD 115 y(x + h)

y(x+h) = y(x)+h- flzy)).

Econ Hazatb h - f(z,y(x)) «00IpaBOUHBIM 2JIEMEHTOM», Y(X) «IIPEXKHUM 3HaUeHHeM y» a y(x + h) «HOBBIM
3HAYEHNEM Y», TOIJIA JAHHOE MPHUOJIMIKEHNe MOXKeT ObITh BBIPAXKEHO B BUJIE

Ynew =~ Yold + h- f(xa yold)-

Ecan pas3buts naTepBas Mexay a u b Ha n dacTeil, 9ToObI h = I’_T“, TOTJIa MOXKHO 3AITUCATh WH(MOPMAIUIO
JITsl JIAHHOTO METOJIa B TabJIAILY.

T y h-f(x,y)

a c h- f(a,c)

a+h c+h- f(a,c)

a+ 2h

b=a+nh | 777

Ilesbro siBJIsSIETCST 3AII0JIHUTE BCE ITyCTOTHI B TAOJINIIE 110 OJHOMY PsIY 3& Pa3 JI0 MOMEHTA JIOCTUKEHUST 3aIIUCU
777, KOTOpasa U ABJIIETCs TPUOJIMKEHHBIM 3HaYeHreM Merona Dittepa s y(b).

Pemmenne cucrem nuddepennuanbHbIX ypaBHEHHIT TOX0Ke HA PEIIeHne OOBITHBIX TudDepPeHInaTIbHBIX YPaB-
HEHU.

ITpumep: Haiiaure unciennoe npubinsuresnsHoe 3HadeHne 1uist z(t) npu ¢ = 1, ucnonssyst 4 mara mMeTona
Ditnepa, rue 2"’ +tz' + 2 =0, 2(0) =1, 2/(0) = 0.

Tpebyercst mpuBectu auddepeHnuaabHoe ypaBHEHNEe 2I0 MOPSIKA K CHCTeMe IBYX TudepeHnaabHbIX YPaB-
HeHuil 11epBoro nopsijka (MCHoIb3ys & = z, Y = 2’) U UPUMEHUTHb MeToJ| Diljiepa:
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sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens()
sage: f =y; g=-x -y *xt
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f (t,x,y) y h*xg(t,x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

Urak, z(1) ~ 0.75.

Mozkno nocrpoutsh rpaduk Jyisi Touek (x,y), 9T00bl HOJAYIUTh NPUOIN3UTebHBIA By KpuBoil. OyHKius
eulers_method_2x2_plot BBIIOIHHUT JAHHYIO 33/1a4Y; JIJIsI STOTO HAJO OLPEIeIUTh QYyHKINA f U ¢, apryMeHT
KOTODBIX MMeeT TPH KOOPAMHATHL: (t, X, Y).

sage: f = lambda z: z[2] # f(t,z,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,z,y) = -sin(z)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B sTor moment P comepxkutr B cebe mBa rpaduka: P[0] - rpaduk x mo ¢ u P[1] - rpaduk y mo t. Oba stu
rpaduKa MOTYT OBITH BBIBEJEHBI CJIELYIONIM 00pa30M:

sage: show(P[0] + P[1])

2.4.5 CneuywmanbHble pyHKUNYN

HeckosbKO OpTOrOHAJIBHBIX HOJIMHOMOB U CHEIMAJbHBIX GyHKIUi ocymecrsiensl ¢ nmomomsio PARI [GAP]
n Maxima [Max].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U(2,x)

4xx~2 - 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_I(1,1).n0

0.565159103992485

sage: bessel_I(2,1.1).n0)

0.167089499251049

Ha manubiit MomeHT Sage paccMarpuBaer JaHHble (DYHKIMH TOJBKO JJjIs YUCJEHHOrO IpuMeHeHus. st
CHMBOJIBHOT'O UCIIOJIb30BAHUS HYKHO HAIIPSIMYIO MCIIOJIB30BaTh mHTEpdeiic Maxima, Kak OMucaHo HUXKE:

sage: maxima.eval("f:bessel_y(v, w)")
'bessel_y(v,w)'

sage: maxima.eval("diff (f,w)")

" (bessel_y(v-1,w)-bessel_y(v+1,w))/2"
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2.5 lNocTtpoeHune rpacdpunkos

Sage MOXKeT CTPOUTDH JBYMEPHBIE U TPEXMEPHBIE TPAMDUKH.

2.5.1 [OsymepHble rpaduku

B nBymepHOM mpocTpaHCcTBe Sage MOXKET OTPUCOBBIBATH KPYTHU, JIMHUM U MHOTOYTOJIbHUKY; IpaduKu DyHK-
Ui B JIEKAPTOBBIX KOOPIMHATAX; TAKXKe I'Pa(pUKN B MOJISPHBIX KOOPAUHATAX, KOHTYPHbBIE TPaGUKA U U300~
pakeHusi BEKTOPHBIX moJieit. HekoTopbie mpumeps! OyayT moka3ansl Huxke. s 6osee mcaepnbiBaronieil na-
dopmarn 1o mocrpoenuio rpadukos cMm. Pewenue dupgepernyuanvrnr ypasrenuis u Maxima, a Takxke
nokymenTarmio Sage Constructions.

ﬂaHHaH KOMaH/Ia ITOCTPOUT 2KEJITYIO OKPY2KHOCTDb paJnyca lc OEeHTPOM B Ha4daJie:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive

Tax>ke MOXKHO IIOCTPOUTH KPYT:

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

MozxHO co3/1aBATh OKPYXKHOCTh U 338/]aBaTh €€ KaKoi-1nbo mepeMeHHoii. J[arublit mpuMmep He OyJIeT CTPOUTH
OKPY2KHOCTb:

sage: ¢ = circle((0,0), 1, rgbcolor=(1,1,0))

Yro6bI TOCTPOUTH ee, ucoJib3yiire ¢.show() mim show(c):

sage: c.show()

c.save('filename.png') coxpanut rpaduk B daiir.

Teneps 311 ,,0OKPYKHOCTH OOJIBITIE TIOXOXKH HA JIINIICHI, TAK KAK OCH UMEIOT PA3HBIN MacIITad. DTO MOXKHO
HCIPABUTDH CJIELYIOMIAM 00pa30M:

sage: c.show(aspect_ratio=1)

Komanga show(c, aspect_ratio=1) BpimosHHAT TO Ke camoe. COXpaHUTh KAPTHHKY MOXKHO C IIOMOIIBIO
c.save('filename.png', aspect_ratio=1).

Crpoutb rpaduku 6a30BbIX (PYHKIIUN JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

Kak Tojibko nms HepeMeHHOfI OIIpeIeJIEHO, MO2KHO CO3/1aThb HapaIvIeTpI/I‘{GCKI/Iﬁ Fpa(l)I/IKZ

sage: x = var('x')
sage: parametric_plot((cos(x),sin(x)"3),(x,0,2*pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

Baxno ormerutrs, uTOo Oocu rpaduka OyILyT IepeceKaThCs JIAIIb B TOM CJIydae, KOrJa HAYAJIO KOODPIUHAT
HaXOIUTCS B TIOJIE€ 3PEHUs TpaprKa, M 9TO K JOCTATOYHO OOJIBIMAM 3HAYCHUSIM MOYKHO MPUMEHHUTD HAYTHOE
obo3HaYeHHE:
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sage: plot(x~2,(x,300,500))
Graphics object consisting of 1 graphics primitive

MoxHO 00beUHSATD TOCTPOEHUS, 00aBIsIs UX APYT JIPYTY:

sage: x = var('x')

sage: pl = parametric_plot((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))
sage: p2 = parametric_plot((cos(x),sin(x)"2), (x,0,2*pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot((cos(x),sin(x)"3),(x,0,2*pi),rgbcolor=hue(0.6))
sage: show(pl+p2+p3, axes=false)

Xopormmuii crrocob co3IaHust 3aII0JHEHHBIX (DUTYp — CO3/IaHNe CIUCKa TOYeK (L B CIIYIONEM IPUMEDE), a 3a-
TEM HCIO0JIb30BAHUE KOMAaHbI polygon Jjiist OCTpoeHust (pUryphl ¢ TpaHUIAME, 0OPA30BAHHBIMU 33/ IAHHBIMU
toukamu. K mpumepy, co3aauM 3e/IeHbIl JeTbTOU T

sage: L = [[-1+cos(pi*i/100)*(1+cos(pi*i/100)),
2*%sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

Hamneuaraiite show(p, axes=false), 4ToOBI He IIOKA3BIBATH OcCeil Ha rpaduke.

MozxHO n06aBUTH TEKCT Ha rpaduk:

sage: L = [[6xcos(pi*i/100)+5*cos((6/2)*pi*i/100),

cot 6*sin(pi*i/100)-5*sin((6/2)*pi*i/100)] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,1/4,1/2))

text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

n
[
0Q
[0}
t
]

Yunress MaTeMaTHKH YacTO PUCYIOT cjeylomuii rpaduK Ha JOCKe: He OJJHY BETBb arcsin, a HeCKOJIbKO, T.e.
rpaduk byHknnn y = sin(z) mis @ Mexkay —27 1 27, epeBepHY THIi 110 OTHOIIEHUIO K JIMHUAH B 45 rpaJlycos.
Cremyromast KOMaHIa Sage MOCTPOUT BBINIEYKA3AHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

Tak kak dyHKIUS TaHreHca uMeeT OOJBINUN WHTEPBAJ, UYeM CHHYC, IIPU HUCIIOJb30BAHUNA TOH YK€ TEXHUKU
JJIsT TIePEBEPTHIBAHNS TAHTE€HCA TPEOyeTCss M3MEHUTh MUHHUMAJIBHOE U MAKCHMAJIBHOE 3HAYEHUST KOODIMHAT
JJId OCU T:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage TakxKe MOXKET CTPOUTH I'PaA(UKU B IOJSIPHBIX KOODJIUHATAX, KOHTYPHBIE MIOCTPOEHUS U N300PayKeHust
BEKTOPHBIX TOJIeH (yIsi crienaabHbIX Buios dbyHKuuit). Jasee ciaeayer mpumMep KOHTYPHOTO UepTerka:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive
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2.5.2 TpexmepHbie rpacuku

Sage Takke MOXKeT ObITh HCIIOJBb30BAH I CO3MAHUS TPEXMEPHBIX I'PAMUKOB. ITH IPAMDUKU CTPOSTCI C
nomornpio nakera [ThreeJS|, KoTopslii oIEPKUBAET IOBOPOT U IPUOIIMKEHNE KADTUHKH € HOMOIILIO MBIIIIH.

Ucmnonbayiite plot3d, arobel moctponts rpaduk dyskimn dopmer f(z,y) = 2:

sage: x, y = var('x,y")
sage: plot3d(x~2 + y°2, (x,-2,2), (y,-2,2))
Graphics3d Object

Eme moxno mcnonb3oBaTh parametric_plot3d Jyist mocTpoeHusi rpadUKOB MapaMeTPHIeCKHX HOBEPXHO-
CTell, Te KaxK bl u3 x,y, 2 onpejesiercs QyHKImel 0HOi WK JBYX [EPEMEHHBIX (IapaMeTpbl; OObIYHO U
u v). Ipenpiaymuii rpaduk MOXKeT ObITh BHIPAYKEH HAPAMETPUYECKH B CJIE/LYIONIEM BUJIE:

sage: u, v = var('u, v')

sage: f_x(u, v) = u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v°2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

Tperuit criocod MOCTPOUTH TPEXMEPHYIO ITOBEPXHOCTDH B Sage - NCIHOIb30BaHue implicit_plot3d, KOTOpbIit
cTpouT KOHTYpbI rpadukos dyuknuii, kKak f(x,y,z) = 0. Yrobbl mocTpouts cdepy, BO3MOIb3YeMCsl KIacCh-
qecKoit (hopMyIIOit:

sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x~2 + y~2 + z72 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

Huke noxkazanbl HECKOJIBKO IIPUMEPOB:

Ckperiennplii kosmax (6JU3KUA POJCTBEHHUK IMUPOKO U3BECTHOIO Jincta Mébuyca):

sage: u, v = var('u,v')

sage: fx = (1+cos(v))*cos(u)

sage: fy = (l+cos(v))*sin(u)

sage: fz = -tanh((2/3)*(u-pi))*sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2#*pi),
frame=False, color="red")
Graphics3d Object

Kpyuensrit Topou:

sage: u, v = var('u,v')
sage: fx = (3+sin(v)+cos(u))*cos(2*v)
sage: fy = (3+sin(v)+cos(u))*sin(2xv)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2#*pi),
R frame=False, color="red")

Graphics3d Object

Jlemuuckara:
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sage: X, y, z = var('x,y,z"')

sage: f(x, y, 2) = 4*x"2 x (x"2 + y°2 + 272 +2) + y°2 *% (y2 +2°2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

2.6 PacnpocTtpaHéHHble npobnembl ¢ pyHKLUSAMN

Hexoropsie acnekTol onpegesenus Gyuknuii (Hampumep, 1 auddepeHnInpoBanns Wik IOCTPOSHHs IPa-
dbuka) MoryT 6bITh He sicHbl. B 9TOM paszzesne Mbl o6paliaeM BHUMAHUE HA HEKOTOPbIe HAMOOJIee PACIIPOCTPa-
HEHHBIE TTPOOJIEMBI.

Jlajiee TIOKa3aHBI HECKOJIBKO CIIOCOOOB OIIPEJIEJIEHUsI TOT'0, YTO MOYKHO HA3BaTh «(DYHKIHEHs :

1. Ompenenure dyuknuo Python, kak omucano B pazmene Dyrxyuu, omemynv, u cuemvyuky. das Takmx
bYHKIMIT MOXKHO MTOCTPOUTD I'paduKu, HO MpoanddepeHInPOBATE UIH IPONHTEIPUPOBATH X HEJIb3S.

sage: def f(z): return z"2
sage: type(f)

<... '"function'>
sage: £(3)
9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

ObparuTe BHUMAHUE HA CHHTAKCHUC B Tocjenneii crpouke. plot (£(z), 0, 2) BblmacT ommbdKy, TaK KakK Z -
9TO IepeMeHHas-60JIBAHKA B Olpe/iesiennn £, KOTopasi He ollpejiesieHa BHYTPHU JIaHHOM KoHCTpyKimu. [Ipocto
f (z) Boseparur ommbky. Cienymoinee 6yjger paboraTh B JaHHOM KOHTEKCTE, OJHAKO, B OOIIEM, BOSHUKHYT
HEKOTODBIE 3aTPYIHEHUsI, HO OHI MOTI'YT ObITh IIDOMIHOPUPOBAHBI (CM. IYHKT 4).

sage: var('z"') # onpedesnenue nepemeHHOU 2z OASL CUMBONbHLIT BbIYUCAEHUU
z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)
Graphics object consisting of 1 graphics primitive

B srom cnygae £(z) - 9T0 cUMBOJIBHOE BBIPaKEHHE.

2. OnpeeinM «BBI3BIBAEMOE CHUMBOJIBHOE BbIpaxKeHuey. OHO MOXKeT OBbITh MpoauddepeHITnpPOBAHO, TPOUH-
TErpupoOBaHO, a TAKXKE MOXKHO IIOCTPOUTDH €ro rpaduk.

sage: g(x) = x72

sage: g # g omobpaxaem T 6 T2
X |-->x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

X |--> 2%x

sage: Dg(3)

6

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: plot(g, 0, 2)
Graphics object consisting of 1 graphics primitive

Ecnu g — 310 BBI3BIBaEMOE CHIMBOIBHOE BBIpakeHue, g(X) — 3TO CBA3SHHBIN ¢ HUM 00bEKT, HO JPYTOro BH/IA,
JIJISI KOTOPOT'O MOXKHO IIOCTPOUTH I'PadUK M KOTOPBIA MOXKHO JudHepeHImupoBaTh U T.II.

sage: g(x)

x~2

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative()

2¥x

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. MoKHO UCIOJIB30BATh YK€ OIpejesieHHyo (GyHKIuo Sage — ,byHKmuio ncunciaenus’ . s Hee Moxker
OBITH TIOCTPOEH IpadUK, OHA MOXKET OBITH MpoandpepeHIIPOBaHa U TPOMHTEIPUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

Cama 1o cebe dynrnust sin e Moxker ObITH mposuddepeHInpoBata, 0 KpaifHeil Mepe, He MOXKET TPOU3-
BECTHU COS.

sage: £ = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:

WcnonbzoBanme £ = sin(x) BMecTo sin paboraer, HO JIydIle UCIoIb30BaTh £ (x) = sin(x) gy TOro, YToObBI
OTIPEJIC/ITH BBI3BIBAEMOE CHMBOJIBHOE BBIPAYKEHUE.

sage: S(x) = sin(x)
sage: S.derivative()
x |--> cos(x)

Hanee ciie1yioT HEKOTOpbIe 00IIe TPOOIEMBI ¢ 00 bICHEHUEM:

4. Ciygaiinasl OIleHKA.

sage: def h(x):

R if x<2:

R return O
R else:

R return x-2
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IIpobnema: plot(h(x), 0, 4) mocrpour KpuByio y = = — 2. IIpuumna: B komanne plot(h(x), 0, 4)
cHaJaJia oneHnBaeTcs h(x), 9To 03HAYAET MOJCTaBKY X B (DYHKIIUIO h U OleHKy X<2.

sage: type(x<2)
<class 'sage.symbolic.expression.Expression'>

Pemenne: He ucnosbsyiite plot (h(x), 0, 4); ucnosib3yiire:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

5. OmmbotHOe co3/1anne KOHCTAHTHI BMECTO (DYHKITHH.

sage: f = x

sage: g = f.derivative()
sage: g

1

IIpoGaema: g(3), nanpumep, Bo3BpaTuT omubKy ¢ coobrmennem «ValueError: the number of arguments must
be less than or equal to 0.»

sage: type(f)
<class 'sage.symbolic.expression.Expression'>
sage: type(g)
<class 'sage.symbolic.expression.Expression'>

g He sBisgercs QyHKIME, 9T0 KOHCTAHTA, IIO9TOMY OHA HE MMeeT IIEPEMEHHBIX, U Bbl MOYKETe BCTABJISATH 94TO
YIOZHO B Hee.

Permenne: ectb HECKOIBKO BO3MOYKHBIX HyTefI.

L] OHpeﬂeJII/ITb f n3HavYaJIPHO KaK CUMBOJIbHOE BbIpazKeHHe.

sage: f(x) = x # emecmo 'f = x'
sage: g = f.derivative()

sage: g

x |-->1

sage: g(3)

1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

e JIuGo BMecTe ¢ f, OHpeILe.HeHHOIU/I BBIIIE, OIIPpECAC/JIUTh g KaK CUMBOJIbBHOE BbIPDa2zK€HUE.

sage: f = x
sage: g(x) = f.derivative() # emecmo 'g = f.derivative()'

sage: g
x [-->1
sage: g(3)
1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

e JIubo c f u g, 3a/JaHHBIMU, KaK [TOKA3aHO BBIIIE, CO3/ATh IIEPEMEHHYIO, 110/l KOTOPYIO IIO/ICTABJISIOTCS
3HAYCHUS.
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sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # emecmo 'g(3)'
1

Ectp eme oqun crocob, Kak OnpeenTh pa3indre MexKy npou3BoaubiMua £ = x u f(x) = x

sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # nepemeHnsle, Komopsle npucymcmeyom & g
O

sage: g.arguments() # apaymenms, Komopsle mMozym bbimb nodcmasaeHsl & g
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables()

O

sage: h.arguments()

O

=3

Kak mokasbiBaeT JaHHbBIN IpUMeEDP, h He TPUHUMAET apryMeHTOB, mo3ToMy h(3) BepHeT OmuoKy.

2.7 OcHoBHble KOJMbLLA

IIpu 06bsiBIIEHNN MATPUIT, BEKTOPOB WJIM ITOJIMHOMOB J[JIsi HUX WHOT/IA MTOJIE3HO, & WHOTA U HEOOXOIMMO OTIpe-
JIEJIATh «KOJIbIa», Ha, KOTOPBIX OHU OIpeesieHbl. Koabyo - 9TO MareMaTndecKasi KOHCTPYKIHs, B KOTOPOi
CYIIECTBYIOT OIIP€/IeJIEHHbIE TIOHATHS CyMMBI U IIpon3Beienus. Eciin Bbl HUKOT/Ia O HUX HE CJIBIIIAJIN, TO BaM,
BEPOSITHO, JIOCTATOYHO 3HATH 00 TUX YETHIPEX YACTO MUCIOJIB3YEMBIX KOJIBIIAX:

e 1esble ynciaa {...,—1,0,1,2, ...}, HazeiBaemble ZZ B Sage.

® DAIMOHAJBHBIE UUCJIA — HAIIPUMED, APOOU WM OTHOIIEHUS TIEJbIX dnces —, HasbiBaeMble QQ B Sage.
® BeleCTBEHHBIE YNCJIa, Ha3biBaeMble RR B Sage.

® KOMILJIEKCHBIE JHCJIa, Ha3biBaeMble CC B Sage.

SHaHUEe PA3IUIUNl MEXKIY MaHHBIMU KOJIBIIAMHU OYEHb BaXKHO, TAK KAK OJMH U TOT K€ IMOJIMHOM, OIPEjIe-
JIeHHBI B PA3HBEIX KOJILIAX, MOXKeT BecTH cebs Imo-pasHoMy. Hampmmep, mommaoM 22 — 2 mMeeT 1Ba, KODHS:
++/2. DT KOPHE He SBJISIOTCA PAIMOHAJBHBIME UHCIAMHE, TIO9TOMY €CJIH BB PabOTaeTe C MOJMHOMAME C
panuoHaIHLHBIMEA KOIMMUITHEHTAME, TO [TOJIMHOM He Oyer pasjararbcst Ha MHOKUTETH. C BenecTBeHHBIMU
ko3 urmentamu — 6yzer. [losTomy cTouT ornpeeuTh KOJIBIO, 9T00bI ObITH YBEPEHHBIM, UTO ITOJLY YeHHBII
pesyibraT Oyer npaBuiibHbIM. CIteIyoIue IBe KOMaHIbl 33/a0T MHOYXKECTBA [TOJIMTHOMOB C PAI[MOHAILHBIMUI
KO3 PuUImenTaMn 1 BEIMIECTBEHHBIMU KOI(PDUIIMEHTAMI COOTBETCTBEHHO. MHOXKECTBa Ha3BaHbI «ratpolys n
«realpoly», HO 9TO He CTOJIb Ba)KHO B TAHHOM KOHTEKCTE, OJITHAKO CUMBOJILHBIE COUETAHUA «.<t>» U «.<z>»
SIBJISIIOTCST HA3BAHUSIMU [T€PEMEHHBIX, UCIIOJIB30BAHHBIX B JBYX CJIyYasX.

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

DakropuszupyeM 2 — 2:
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sage: factor(t~2-2)

t°2 - 2

sage: factor(z~2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)

CumBsost I obo3HaYaeT KBAJIPATHBIN KOpeHb u3 —1; i — 3710 TO X)Ke camoe, uro I. Konedrno, 310 He parmo-
HaJIbHOE YUCJIO:

sage: i # keadpamHblli koperv u3 -1
I

sage: 1 in QQ

False

3amerka: BpimeonncaHablii KO MOXKeT paboTaTh He TaK, KaK 3aJyMbIBAJIOCH, €CJIU IMEepPeMeHHONH i ObLIO
3aJIaHO JIPYroe 3HAYEHWe, HAIPUMED, €CJIM OHO OBLIO WCIIO/IH30BAHO, KAK CUYETYMK JJIs [HKJa. B TakoMm
ciIydyae BBeJUTE

sage: reset('i')

JJId TOTO, YTOOBI IIOJIYYIUTHh U3HaAYaJIbHOEC KOMIIJIEKCHOE 3HAYCHHE i.

Ecrb o/1Ha TOHKOCTB B 3a/jaHUHM KOMILIEKCHBIX YHCEsI: KaK OIIMCAHO BBIIIE, CHUMBOJI 1 IIpe/ICTaBIIsSIeT KBaJIPAT-
HBIIl KOPDeHb M3 —1, HO 9TO KOopeHb n3 —1 Kak ajredpamdeckoe umcyo. Ber3oB CC(i) mam CC.gen(0) miam
CC.0 BepHET KoMNAEKCHDIT, KBaIPATHBIN KOpeHb 13 —1.

sage: i = CC(1) # komnaekcHoe wucao c naasakwyel 3ansmol
sage: i == CC.0

True

sage: a, b = 4/3, 2/3
sage: z = a + b*i
sage: z

1.33333333333333 + 0.666666666666667*1
sage: z.imag() # mHumas wacme
0.666666666666667

sage: z.real() == a # aemomamuueckoe npueedenue munoe neped CpagHerueM
True

sage: a + b

2

sage: 2xb == a

True

sage: parent(2/3)

Rational Field

sage: parent(4/2)

Rational Field

sage: 2/3 + 0.1 # aemomamuueckoe npusederue munoe neped CAOKEHUEM
0.766666666666667

sage: 0.1 + 2/3 # npueedenue munose & Sage CUMMEMDPUYHO
0.766666666666667

Jasiee ciemyror npuMepbl 6a30BbIX KoJjiel B Sage. Kak orMedeHO BbIIIe, KOJIBIO PAIMOHAJBHBIX YUCET 000-
sHavaercd Kak QQ, a Takxke Kak RationalField() (nose - 9TO KOJIBIO, B KOTOPOM HPOU3BEICHUE ABJISETCS
KOMMYTATHBHBIM U B KOTOPOM KazKJbIil HEHYJIEBOil 3JieMeHT uMeeT 00PATHYIO BEJIMYUHY B 9TOM KOoJible (pa-
[MOHAJIbHBIE YKCJIA SBJISIIOTCS [I0JIEM, & IIeJIble - HET):
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sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

ﬂeCHTI/I‘{HOG qucjo 1.2 pacCMaTpUBaE€TCA KakK QQ JAEeCATUIHBIC YUCJIa, KOTOPbIE TaK2Ke ABJIAIOTCA PAIlMOHAJIb-
HBbIMH, MOTYT OBLITh «IIpUBEJCHBI» K PAallMOHAJIbBHBIM YHUCJIAM. Yucnaa 7 u \/5 He ABJIAIOTCA palluOHaAJIbHBIMU:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

,Z[.HH HUCHOJIb30BaHUY B BBICIIEN MaTeMaTUuKe Sage TaK>Ke MO2KET BBIIIOJIHATH Oll€epalun C APYIUMU KOJIbIla-
MU, KaK KOHE€YHBbIE II0JId, p-a/JuYeCKue 4Yucjia, KOJIbIIO anre6pa1/1quKI/1x quceJi, IoJIMHOMUAJIbHBIEC KOJIbIla 1
MaTpU4YHbI€ KOJIbIla. ﬂaﬂee ITIOKa3aHbl HEKOTOPbIE U3 HUX:

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # ecau noae He npocmoe, HYXHO 3a0amb UMS ZEHEPAMOPQ
Finite Field in a of size 373

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # aszebpauueckoe 3amsikakue

True

2.8 JlnHeinnas anrebpa

Sage monep:KuUBaeT CTaHIAPTHBIE KOHCTPYKIMKA W3 JIMHEHHOM ajreOpbl, KAK XapaKTePUCTHIECKUE TOJIIMHO-
MBI, CTyHneH9IaTbie (POPMBI, CyMMBI 3JIEMEHTOB [VIABHON IMATOHAJIN MATPUIIBI, PA3JIOKEHUS.

COS,H&B&TI) 1 IIepeMHO2KaThb MaTPUIbI JIEI'KO:

sage: A = Matrix([[1,2,3],[3,2,1],[1,1,11]1)
sage: w = vector([1,1,-41)
sage: wkxA

(0, 0, 0)
sage: Axw
(-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[1 1 -4]
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Pemenne mMaTpuydHbIX ypaBHEHHUI TaKKe BBINOJHAETCS 0€3 3aTPYIHEHUil, HCIIOIb3ysd MeTox solve_right.
Brruncsenne A.solve_right (Y) Bossparur Marpuiy (mim Bekrop) X rtakoif, uro AX =Y

sage: Y = vector ([0, -4, -1]1)
sage: X = A.solve_right(Y)
sage: X

(-2, 1, 0)

sage: A * X # nposepka. . .
(0, -4, -1)

\ MO2KeT OBITH UCIOJIB30BAH BMeCTO solve_right; ucmons3dyiite A \ Y BMecto A.solve_right(Y)

sage: A\ Y
(-2, 1, 0

Eciu perenns e cyimecTByer, TO Sage BEpHET OIMUOKY:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

Ucnomp3yiite A.solve_left(Y), urober naittu X B XA = Y. Sage MOKeT HaXOAUTb COOCTBEHHOE THCIO U
COOCTBEHHBIN BEKTOP:

sage: A = matrix([[0, 4], [-1, 0]11)
sage: A.eigenvalues ()

[-2%I, 2xI]

sage: B = matrix([[1, 3], [3, 11]1)
sage: B.eigenvectors_left()

(4, [

(1, 1

1, 1, -2, [

1, -1

1, DI

(Pesysnbrar eigenvectors_left - 910 cimcok Tpoek: (COOCTBEHHOE YUCJIO, COOCTBEHHBIN BEKTOP, MHOI000-
pasue).) CobcrBennble yncia 1 BekTopa i QQ i RR Takke MOryT ObITh BBIYUCJIEHDI ¢ OMOINbI0 Maxima
(em. Mazima).

Kak ykazano B pazzene Ocrosrbie K0abUa, KOJIbIO, B KOTOPOM OIIPe/Ie/IeHa MATPUIIA, BIUSIET HA HEKOTOPHIE
ee cBoiicTBa. B cieyromem nprumMepe mepBblif apryMeHT KOMaH/Ibl matrix coobmiaer Sage, 4TOObI MaTpUIA
paccMaTpUBaJIaCh KaK MATPHIA IEIbIX duces (ciaydail ¢ ZZ), Kak MaTpulla paryuoHa bHbx ynced (QQ) win
KaK MaTpulla BemecTBeHHbIx yuces (RR):

sage: AZ = matrix(Zz, [[2,0], [0,11]1)
sage: AQ = matrix(QQ, [[2,0], [0,111)
sage: AR = matrix(RR, [[2,0], [0,1]11)
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

o 1]

sage: AR.echelon_form()

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

Jljist BbIYUC/IeHIs COOCTBEHHBIX 3HAYEHUI 1 COOCTBEHHBIX BEKTOPOB MATPHIL JIeCTBUTE/IbHBIX UJIA KOMILIEKC-
HBIX 9HCeJI C TUIABAIOIIEHl TOUKO, MaTpuIia no/ekHa ObiTh onpezesena Haj RDF (Real Double Field) wiu CDF
(Complex Double Field), coorsercreenno. Eciin Kosbiio He yKa3aHo, ¥ B MaTPUIlE UCHOJIb3YIOTCs JIeHCTBI-
TeJIbHbIE MJIM KOMIUIEKCHBIE KOHCTAHTDI € IJIABAIOMIEH TOUKOl, TO (10 yMOJIYAHUIO) OHA OLPEJeJeHa HAJl HE
BCErJIa MOJICP2KABAIONINMU TaKnie BblYucjieHnd nojaaMu RR mim CC, cOOTBETCTBEHHO:

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 3]11)

sage: ARDF.eigenvalues() # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 3]11)

sage: ACDF.eigenvectors_right() # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*%I, [(0.7505608183809549, -0.616145932704589 +
—0.2387941530333261*1)], 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.3756690858502104%*1,
— 0.9152458258662108)], 1)]

2.8.1 MaTtpuyHoe nNpocTpaHCTBO

Cosnaaum npocrparcTo Matsys(Q), cocrosiiee n3 MaTpuil 3 X 3 ¢ 9JIeMEHTAME U3 PAIMOHAJIBHBIX THCEI:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(i Toro, 9robbl co31aTh IPOCTPAHCTBO U3 Marpull 3 Ha 4, ucnosb3yire MatrixSpace (QQ, 3,4) . Eciu unc-
JIO CTOJIOIOB He YKA3aHO, [0 YMOJYAHUIO OHO Oy/ieT paBHO duciy crpok (MatrixSpace(QQ,3) KBUBAJEHTHO
MatrixSpace (QQ,3,3).) MarpuuHoe IpOCTPAHCTBO CHAGXKEHO €ro KAHOHUYIECKON 6a30ii:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

CozgaauM MaTpUIly Kak 3JieMeHT M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

I[aJIee ITIOKa2KeM BBbIYHCJIECHUE MaTpPUIl, OIIpeae/ICHHBbIX B KOHEYHBIX IT0JIAX:

sage: M = MatrixSpace(GF(2),4,8)
sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
0,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,01)

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage:
(11
(01
[0 0
(00
sage:
sage:
[d,
(1,

=~ =, O O
= O O O
i el
N - = O

Irows

1 1]
1 1]
0 1]
1 0]
A.rows()

A.columns ()

O) O, 0)’
1, 1’ 1),

(13 1) O, 0)9
(1’ O’ 1, 1),

1, 1, 1, 1), (
(

0,

(03 O) 1, 1)9
(1’ 1’ O, 1)’

1, 0, 0, 1,
0, 0,1, 1,1,

(03 O) 03 1)3
1, 1, 1, 0]
0, 1, 1),
1, 1, 0]

CozaaumM MoAIpPOCTPaHCTBO B Fo, OXBATHIBAIOIIEE BBIIIEIIEPEYNCIEHHBIE CTPOKH.

sage:
sage:
sage:

V_
g =
S

VectorSpace (GF(2),8)
V.subspace (rows)

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[10
01
[0 0
(00
sage:
[10
01
(00
(00

= O O O
O = O =
= O = O

2.8.2 PaspexxeHHasi nnHeiHasa anrebpa

Sage HOIIEeP:KUBAET PA3PEXKEHHYIO JIMHEHHYIO aaredpy.

sage:
sage:
sage:

M =
A =
E =

MatrixSpace(QQ, 100, sparse=True)
M.random_element (density = 0.05)
A.echelon_form()

MyJIbTUMO/YJIbHBIN aIropurT™ B Sage paboraer XOpOUIO JJid KBAaJPATHBIX MATPUIL (HO HE TaK XOPOINO JJist
HEKBA/IPATHBIX MATDHUIL):

sage:
sage:
sage:
sage:
sage:
sage:

M =

M 2|
1

MatrixSpace(QQ, 50, 100, sparse=True)
= M.random_element (density = 0.05)
= A.echelon_form()
MatrixSpace(GF(2), 20, 40, sparse=True)
= M.random_element ()
= A.echelon_form()

3amerbre, uTo B Python ncmospb3oBanue 3araBHbIX OYKB UTDAET POJIb:

2.8. Jluneiinas anrebpa
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sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__() got an unexpected keyword argument 'Sparse’

2.9 lNMonnHombl

JlaHublit paszzest copepKuT nHGOPMAIIIO O TOM, KaK CO3/[aBaTh U UCIOJb30BATH MOJUHOMBI B Sage.

2.9.1 MNonnHombl oaHOV NepemMeHHOo

Ectp Tpu crocoba, CO3J1aHUA ITOJIMHOMMAJIBHBIX KOJICII.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

Jauuplii crrocod co3/1acT HOJUHOMHUAJIBLHOE KOJIBIIO M YKaXKeT Sage MCIOJIb30BaTh CTPOKY ,t“ B KadecTBe
HEU3BECTHOI'O IPU BbIBOJE Ha 3KpaH. OIHAKO, 3TO HE ONpeesiseT CUMBOJI t /It NCIIOJIb30BaHU B Sage, TaKk
YTO HEJIb3s IIPU HOMOIIY HErO BBECTU MOJMHOM (KaK 2+ 1), upunaiexkaniuii R.

Hpyroit crocob:

sage: S = QQ['t']
sage: S ==
True

DTOT Crocob uMeeT Ty 2Ke IPobJIeMy [0 OTHOIIEHUIO K t.

Tpernit criocob Gostee ymOOHBII

sage: R.<t> = PolynomialRing(QQ)

njam

sage: R.<t> = QQ['t']

WU JIaXKe

sage: R.<t> = QQ[]

DToT crocobd BiedYeT 3a COOOH 0ObsIBICHUE MEPEMEHHONH t KaK HEM3BECTHOrO B IMOJMHOMHUAJIHLHOM KOJIBIE
TaK, YTO €€ MOXKHO UCIIOJIb30BaTh [IPHU CO3JAHUU JEMEHTOB R, Kak onucano Huxke. (3amersre, 4ro Tpernit
crrocob 1MoxoK Ha 00o3HaYeHne KOHCTPpYKTOpa B Magma, u, kak B Magma, oH MOXKeT ObITh UCIOJIB30BAH JJIst
mIIPOKOro Habopa 00bEKTOB.)

sage: poly = (t+1) * (t+2); poly
t72 + 3%t + 2

sage: poly in R

True

Kaxkoii 651 c11ocob HI HCIIOIb30BAJICS JJId 33, JaHNs HOIMHOMHIAILHOTO KOJIbIIA, MOYXKHO BLIMJICHHTL HEH3BECT-
noe B Buze 0" remeparopa:
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sage: R = PolynomialRing(QQ, 't"')

sage: t = R.0
sage: t in R
True

TToxoxkast KOHCTPYKIIA HUCIIOJIB3YEeTCA JIJIA KOMIIJIEKCHBIX YHCEJI: KOMIIJIEKCHbIE YHCJIa MOT'YyT OBITH paccMoT-
PEHbI KaK I'eHepUPOBaHHbIE N3 BEIMIECTBEHHDBIX YHCEJI C UCIIOJIb30BaHUEM CHUMBOJIA 1, U3 9TOro CJIeayer:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0-ol zenepamop CC
1.00000000000000*I

JJTel MOTMHOMUAJTBHBIX KOJTEIT MOYKHO TIOJIYYUTh U KOJIBIIO, U €0 T€HEPATOP, UJIU MIPOCTO TeHEPATOP BO BPEMs
CO3/IaHUus KOJIbIIA!

sage: R, t = QQ['t'].objgen()
sage: t = QQ['t'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQL't'])

HaxkoHer, MOYKHO COBEPIINTE HEKOTOPBIE apudmeTnaeckue onpepanun B Qlt].

sage: R, t = QQ['t'].objgen()

sage: £ = 2%t~7 + 3*t~2 - 15/19

sage: f~2

4%t~14 + 12%t~9 - 60/19%t~7 + 9%t~4 - 90/19%t"2 + 225/361

sage: cyclo = R.cyclotomic_polynomial(7); cyclo

t76 +t°5 +t74+t73+t72+t +1

sage: g = 7 * cyclo * t75 * (t°5 + 10%t + 2)

sage: g

T*t716 + 7*t~15 + 7T*t~14 + T*t713 + 77*t712 + 91%t~11 + 91%t~10 + 84%t~9
+ 84%t"8 + 84%t"7 + 84%t~6 + 14%t~5

sage: F = factor(g); F

(7) % £°5 % (£°5 + 10%t + 2) * (£°6 + t75 + t74 + £°3 + t72 + t + 1)

sage: F.unit()

7

sage: list(F)

[(t, B), (75 + 10%xt + 2, 1), (t"6 + t°5 +t°4 +t°3 +t°2+t + 1, 1)]

Jenenne 1ByX MOJUHOMOB CO3/IACT JIEMEHT B JPOOHOM I10JIe, 9TO OyJIeT CAeJIaHO Sage aBTOMATHIECKH.

sage: x = QQ['x'].0

sage: £ = x"3 + 1; g =x"2 - 17

sage: h = f/g; h

(x"3 + 1)/(x"2 - 17)

sage: h.parent()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Ucnonbsys psaer JIopana, MOXKHO TIOCIATATD PA3JIOKEHUE B psifi B apodorOM mosre QQ [x]:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: 1/(1-x) + 0(x~10)
1 +x+x2+x3+x4+x5+x"6+x7+x"8+ x99+ 0(x"10)

Eciu nasBaTh mepeMeHHyIO HO-IPYTroMy, MOXKHO IIOJIYYUTH JIPYTO€ OJHOMEPHOE ITOJTMHOMUAIBHOE KOJIBIIO.

sage: R.<x> = PolynomialRing(QQ)

sage: S.<y> = PolynomialRing(QQ)
sage: x ==y

False

sage: R == S

False

sage: R(y)

X

sage: R(y~2 - 17)

x~2 - 17

Kombio onpenensiercss mepemennoit. ObparnTe BHUMAHNE, ITO CO3MAHNE €IE OJHOTO KOJbIA C TTePEMEHHON
X He BEPHET JAPYTOro KOJIbIA.

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")
sage: R ==T

True

sage: R is T

True

sage: R.0 == T.O

True

Sage 1ojyIepKUBaeT KOJIbIla CTEIIEHHBIX PsiJIOB U psiaoB JlopaHa jyist Jiroboro 6a3uMCcHOroO KoJjblia. B ciemyto-
meM npuMepe cosznazum sseMent u3 Fr7[[T]] u mogennm, arober cosnars ssmement us Fr((T)).

sage: R.<T> = PowerSeriesRing(GF(7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3xT"2 + T~3 + 0(T"4)

sage: £°3
T~3 + 2*¥T~4 + 2+T~5 + 0(T"6)
sage: 1/f

T°-1+ 4+ T+ 0(T"2)
sage: parent(1/f)
Laurent Series Ring in T over Finite Field of size 7

Tak2ke MOKHO CO3/IaBATH KOJIbI[A CTEIIEHHBIX PSIJIOB, UCIIOIb3Ys JBOITHBIE CKOOKM:

sage: GF(7)[['T'1]
Power Series Ring in T over Finite Field of size 7
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2.9.2 lMonnHOMbI HECKONBLKNX NEepeMeHHbIX

,ZLHSI pa6OTI)I C IIOJIMHOMAaMM C HECKOJIbKIMHU II€PEMEHHbIMM, CHa4YaJIa HaJd0 00'BSIBUTH HOJIMHOMHUAILHOE KOJIBITIO
u IepeMeHHbIEC.

sage: R = PolynomialRing(GF(5),3,"z") # sdect 3 - 2mo 4UCAO nepeMeHHbiT
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Taxk ke, KaK U JJIs OMHOMEPHBIX IIOJIMHOMOB, CYIIIECTBYET HECKOJIBKO ITyTei:

sage: GF(5)['z0, z1, z2']

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YT06b! MMeHA IEePEMEHHBIX COCTOsIN U3 OYyKB, HAJIO UCIOJIL30BATh CJIe/IyIoIee:

sage: PolynomialRing(GF(5), 'x, y, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

Hewmuoro apudmernku:

sage: z = GF(5)['2z0, z1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]+z[2])"2

z072 + 2%z0%zl + z172 + 2%xz0%z2 + 2*zl*xz2 + z272

MozkHO ucCIobp30BaTh 60JI€e MaTeMaTUdIecKoe 0603HaTeHNe, ITOOBI TIOCTPOUTD ITOJUHOMUAJILHOE KOJIBIIO.

sage: R = GF(5)['x,y,z']

sage: X,y,z = R.gensQ)

sage: QQL'x']

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y'].gens()

(x, )

sage: QQ['x'].objgens(

(Univariate Polynomial Ring in x over Rational Field, (x,))

MHoromepHbIe IOJIMHOMBI BHEJIDEHBI B Sage ¢ UCIOJIb30BaHueM cjioBapeil Python. Sage ncmosnb3syer Singular
[Si] ayist Beraucaenuit HOJL u 6a3uca ['pébuepa umeasos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: f = (x73 + 2%y~2*x) "2
sage: g = X 2¥y~2
sage: f.gcd(g)
x"2

Cozmamum unean (f, g), renepupoBannsiit u3 f u f ymuoxxenuem (f,g) Ha R.

sage: I = (£, g)*R; I
Ideal (x76 + 4*x~4*y~2 + 4*x~2*y~4, x~2%y~2) of Multivariate Polynomial
Ring in x, y over Rational Field

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: B = I.groebner_basis(); B
[x~6, x~2*xy~2]

sage: x72 in I

False

Kcratn, 6a3uc ['pébuepa siBisieTcst He CIIMCKOM, & HEN3MEHAEMON IT0CJIEI0BATEIFHOCTHIO. DTO O3HAYAET, UTO
y HEro ecTb YHUBEPCYM, POAUTENb ¥ YTO OH HE MOXKET ObITb U3MEHEH (4TO XOPOIIO, HOCKOJIbKY U3MEHEHHE
6a3uca HAPYIIUIO Obl Apyrue olepaiuu, ucnosb3yomue 6asuc ['pébuepa).

sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hexkoropasi komMmyTaTuBHas ajredbpa JIOCTYIIHA B Sage W BHEJIpeHa ¢ oMoIbio Singular. K npumepy, MOxXHO
MIOCYUTATH TPUMAPHOE PA3JIOKEHNE U MPOCThIE COOTBETCTBYIONIHE Jijist [:

sage: I.primary_decomposition()

[Ideal (x72) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y~2, x~6) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()

[Tdeal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

2.10 KoHeu4Hble rpynnbl, Abenesbl rpynnol

Sage MoOJIEPKUBACT BHIYUCICHHS C MPYIIIAMYU [IE€PECTAHOBOK, KOHEYHBIMU KJIACCUYECKUMU IpylmnaMu (Kak,
unanpumep, SU(n,q)), KOHEYHBIMA MATPUYHBIMUA IPyIIIAMU (¢ COOCTBEHHBIMU I'€HEPATOPAMU) U [PYIIIAMA
Abens (maxe ¢ 6eckoneunbivu). MHoroe u3 aroro ocyiecrsisiercs nocpeicrsoM unrepdeiica k GAP.

Hampumep, 9T0OBI TOCTPOUTDH TPYIINY MEPECTAHOBOK, HAJIO 33JIaTh CIIMCOK T'€HEPATOPOB:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()

120

sage: G.is_abelian()

False

sage: G.derived_series() # random output

[Permutation Group with generators [(1,2,3)(4,5), (3,4)],

Permutation Group with generators [(1,5)(3,4), (1,5)(2,4), (1,3,5)]]

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)]1)
sage: G.random_element () # random output

(1,5,3)(2,4)

sage: print(latex(G))

\langle (3,4), (1,2,3)(4,5) \rangle

Takke MOXKHO IOJIy9UTh CUMBOJIBHYO Tabsmiy B popmare LaTeX:
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sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]1])
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0& -1

\end{array}\right)

Sage Takke BKJIIOYAET B Ce0sl KJIACCHIECKUE U MATPUIHBIE TPYIIIIBI JJIsi KOHETHBIX TIOJIEI:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],[-1,1]11),MS([[1,1],[0,1]11)]
sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(
[1t0] [06] [04] [60] [06] [04] [0e6] [0e6] [0e6] [40]
o 11, [t 5], [6 5], [0 6], [1 2], [5 2], [1 0], [t 4], [t 3], [0 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[5 55 1]

[0 26 3]

(50 10]

[4 6 3 4]

sage: G.order()

276595200

Tak>ke MOXKHO IIPOU3BOJUTDH BBIYUCJ/ICHUA C I'DYIIIIaMA Abena (KOHe‘{HbII\{I/I u 6eCKOHe‘{HLIMI/I)Z

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, ¢, d, e) = F.gensQ

sage: d * b¥*2 * c**3

b~ 2*c~3*d

sage: F = AbelianGroup(3,[2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z x Z
sage: AbelianGroup(5) .order()

+Infinity

2.10. KoHeuHble rpynnbi, Abenesb! rpynnbi
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2.11 Teopus yucen

Sage mMmeer OOMUPHYIO (DYHKIIMOHAJIBHOCTD B IJIAHE TEOPUH Yuces. Hampumep, MOKHO TPOU3BOINTH apud-
Mmernueckue oneparyn B Z/NZ:

sage:
sage:
sage:

33

sage:

2/3

sage:
sage:

50

sage:

97

sage:

True

R = IntegerModRing(97)

a = R(2) / R(3)

a

a.rational _reconstruction()

b = R(47)
b~20052005

b.modulus ()

b.is_square()

Sage comepKuT crangapTHbe DYHKIMN Teopun unces. Hampumep,

sage: gecd(515,2005)

5

sage: factor(2005)

5 *x 401

sage: ¢ = factorial(25); c
15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2*28
[1, 2, 4, 7, 14, 28]

56

56

Orraso!

Oyukius sigma(n,k) B Sage cymmupyer k-e cTeneHu JieIuTesieit n:

sage:

6
56
1050

sigma(28,0); sigma(28,1); sigma(28,2)

Jajiee okaykeM aJrOpuT™M IBKIMAIA, G-DYyHKINO Diljiepa U KUTANCKYIO TeopeMy 06 OCTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True
sage: n = 2005
sage: inverse_mod(3,n)
(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

1337

sage: 3 * 1337

4011

sage: prime_divisors(n)

[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi(n)

1600

sage: prime_to_m_part(n, 5)
401

Vsacunm Koe-aro st 3n + 1.

sage: n = 2005

sage: for i in range(1000):
R n = 3*odd_part(n) + 1
cot if odd_part(n)==1:
cot print (i)

ce break

Kwuraiickast Teopema 06 ocTaTkax:

sage: x = crt(2, 1, 3, 5); x

11
sage: x 643 # x mod 3 =2
2
sage: x 45 # x mod 5 =1
1

sage: [binomial(13,m) for m in range(14)]

[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]

[1, 1,0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1]

sage: [kronecker(m,13) for m in range(1,13)]

(¢, -1, ¢, 1, -1, -1, -1, -1, 1, 1, -1, 1]

sage: n = 10000; sum([moebius(m) for m in range(1l,n)])

-23

sage: Partitions(4).list()

(41, (3, 11, [2, 21, [2, 1, 11, [1, 1, 1, 1]]

2.11.1 p—apwn4yeckue 4ucna

Tlose p-aguaeckux uncesn peanumzoBano B Sage. Obparure BHUMAaHUE: KAK TOJIHKO MOJIE P-aIUICCKUX GHUCET
CO3JaHO, €0 TOYHOCTh HE MOZKET 6bITI) n3MEHEHA.

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4%11 + 1172 + 7x117°3 + 9%11°5 + 5*1176 + 4*%11°7 + 8%11°8 + 7*11"9
+ 9%11710 + 3%11°11 + 10%11°12 + 1113 + 5*11°14 + 6%11°15 + 2%11°16

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

+ 3%11°17 + 11718 + 7*11~19 + 0(11°20)
sage: b = K(3211/11°2); b
10%117-2 + B5*11°-1 + 4 + 2x11 + 0(11~18)

Boabmoe koandgecTBo MeTom0B BCTpoeHo i Kiacca NumberField.

sage: R.<x> = PolynomialRing(QQ)

sage: K = NumberField(x~3 + x72 - 2xx + 8, 'a')
sage: K.integral_basis()

[1, 1/2%a~2 + 1/2*%a, a~2]

sage: K.galois_group()
Galois group 3T2 (83) with order 6 of x"3 + x"2 - 2%x + 8

sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x72 - 2xx + 8

sage: K.units()

(3*%¥a~2 + 13*%a + 13,)

sage: K.discriminant()

-503

sage: K.class_group()

Class group of order 1 of Number Field in a with
defining polynomial x~3 + x72 - 2%x + 8

sage: K.class_number()

1

2.12 HemHoOro Bbiciei maTeMaTuUKun

2.12.1 Anrebpaunyeckasi reomeTpusi

Sage mO3BOJISIET CO3/1ABATH JIOOBIE ajrebpandecKkne MHOrooOpas3usi, HO WHOTIa (DYHKIIMOHAILHOCTh OrPaHM-
quBaercs Koybllamu Q mwin KOHedHbIMU ToJstMu. Hampumep, Haiijiem o0benHEHre JBYX IJIOCKUX KPUBBIX,
a 3aTeM BBIYJIEHUM KDPUBBIE KAK HECOKPATHMbIE COCTABJISIONINE 00'beIMHEHNUSI.

sage: X, = AffineSpace(2, QQ, 'xy').gensQ

sage: C2 = Curve(x"2 + y™2 - 1)

sage: C3 = Curve(x~3 + y~3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
X" + x73%y"2 + x72%y"3 + y°5 - x73 - y°3 - x72 - y"2 +1

sage: D.irreducible_components()

L

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
xX"2 +y°2 -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x73 +y3 -1

<

]
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Tak>ke MOKHO HaiTH BCE TOYKHU I€PECEUEHUS JIBYX KPHUBBIX.

sage: V = C2.intersection(C3)

sage: V.irreducible_components()

L

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x -1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y -1,
X,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x +y+ 2,
2%y~2 + 4xy + 3

]

Taxum obpasom touku (1,0) u (0,1) HaxXoAATCS Ha 06ENX KPUBBIX, & KOOPJUHATHI [0 OCH ¥ YIOBJIETBOPSIOT
bynkmmm 2y? + 4y + 3 = 0.

Sage MOXKeT BBIYHCJIATH TOPOUJIAIBHBIN HI€a/I HEIJIOCKOW KPUBON TPETHETO MOPSIKA:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I = ideal(b~2-a*c, c~2-b*d, axd-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b~2 - a*c, c”2 - bxd, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c~2 + b*d, -bxc + a*d, -b~2 + axc],
[-bxc + a*d, -c”2 + b*d, b~2 - axc],
[-c~3 + a*xd~2, -c~2 + b*xd, b*xc - a*d, b~2 - axc],
[-c~™2 + b*xd, b~2 - a*c, b*c - axd, c~3 - axd~2],
[-bxc + a*d, -b~2 + a*c, c~2 - bxd],
[-b~3 + a~2%d, -b~2 + a*c, c~2 - b*d, bxc - axd],
[-b~2 + a*c, c”2 - bxd, b*c - axd, b~3 - a~2xd],

[c™2 - Db*d, b*c - axd, b~2 - axc]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4

2.12.2 dnannTuyeckue Kpusbie

OYHKIMOHAJBHOCTD JUIMIITHIECKUX KPUBBIX BKJIIOYAET B cebst BOIBINYI0 YacTh dyHKiuonaasaoctu PARI,
nmoctyn K undopManuu B ousaiin Tabiumnax Cremona (4ro TpebyeT JONOJHHUTEIbHBIA HakeT 6a3 JAHHbBIX),
dyukimonaapaocTs mwrank, agroputMm SEA, Bbrunciienne Bcex M30Te€HUi, MHOIO HOBOTO Koma jyisi Q u
HEKOTOPYIO (DYHKIIMOHAJIBHOCTE IIPOrPAMMHOI0 obeciiedenusi Denis Simon.

Komanga EllipticCurve yisi CO3JaHUs SJUIMITUIECKIX KPUBBIX UMEET MHOIO (hOpM:

o EllipticCurve([a1, as, as, a4, ag]): Bo3Bparur s/umnrunyecKyio KpuByo

y2 + a1y + asy = s + GQIZ + aqx + ag,

e EllipticCurve([a4, ag]): To xke, uro u Beiie, HO a1 = ag = az = 0.
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e EllipticCurve(label): Beprer ssumnruyaeckyto KpuByo u3 6a3bl qaHHbx Cremona ¢ 3aJaHHbIM SIPJIBIKOM
Cremona. fApJbiK - 310 CTpoKa, HampuMmep, "11a" or "37b2".

e EllipticCurve(j): Beprer s/imnTuiecKyio KpuByio ¢ HHBAPUAHTOM j.

o EllipticCurve(R, [a1, as, as, a4, ag|): Cozmact a/munTudeckyo KpuByIo U3 Kojblia R ¢ 3ajaHubvMu a;
‘MU, KaK OBLJIO YKA3aHO BBIIIIE.

WcnonbzoBanue KazKJI0OI'0 KOHCTPYKTOpa:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y~“2 + y = x°3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve defined by y~2 + y = x”3 + 4%*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y"2 = x73 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y~2 + y = x°3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve defined by y~2 + x*y = x~3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve defined by y~2 + y = x”3 + 4*x over Finite Field of size 5

[Tapa (0,0) - 370 TOYKa Ha 3/THITHYICCKON KpuBoit F, 3aiannoit dynkmueit y2 +y = x5 — . Jlna cozmanus

sroil Touku B Sage Hanedaraiite E([0,0]). Sage MoxkeT 100aBUTh TOYKU HA TAKYIO JIIUITAIECCKYIO KPUBYIO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y™2 + y = x”3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1:0:1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20x%P

(683916417/264517696 : -18784454671297/43021156807744 : 1)
sage: E.conductor()

37

DiumnTrYecKre KPUBBIE JJIsI KOMIIEKCHBIX YHCEJT 3aJal0TCs TapaMeTpaMi WHBAPHAHTHI j. Sage BBIYUCIAT
UHBAPHUAHTY j:

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y~™2 = x73 - 4%x + 2 over Rational Field
sage: E.conductor()

2368
sage: E.j_invariant()
110592/37

Ecim MBI co3maiuM KpuByIo ¢ TOH »Ke MHBApUaHTOH j, Kak jyisd F, oHa He jo/KHA OBITH m3oMopdHoit F. B
CJIEJIYIOIEM IIPUMEpPEe KPUBbIE HEe M30MOP(MHBI, TAK KaK MX KOHIYKTOPhI PA3JIAIHBI.
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sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

Opnnako kpydenue F Ha 2 macT n3oMOpQHYO KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y~2 = x"3 - 4xx + 2 over Rational Field
sage: G.conductor()

2368
sage: G.j_invariant()
110592/37

. [eS) n .
MozkHo mocunTarh KOIGbQHUIMEHTH! @y psga L uam MoayasapHOil hopMbI ) >~ 1 a,q", TPUKPEIIEHHOH K
JLTUIITUYIECKON KpuBoii. /Jannoe Boraucienue ucnoyndyer oubanoreky PARI

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

(o, ¢+, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

BafiMeT JIMIIb CeKYHIy JJIs HOJCUETa BCEX Gy A n < 10°:

sage: Jtime v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DIUINITUIECKUE KpUBbIE MOTYT OBLITh IIOCTPOEHBI C ITIOMOIIBIO UX APJIBIKOB Cremona.

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y~2 + y = x”3 + x72 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve("389a")

sage: E

Elliptic Curve defined by y"2 + y = x73 + x72 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve("5077a")

sage: E.rank()

3

Takzke ecTb goctyn K 6a3e ganabix Cremona.

sage: db = sage.databases.cremona.CremonaDatabase ()
sage: db.curves(37)
{'at': [f0, O, 1, -1, 01, 1, 11, 'b1': [[O, 1, 1, -23, -50], O, 31}
sage: db.allcurves(37)
{'at': [[0, O, 1, -1, O], 1, 1],
'b1': [[O, 1, 1, -23, -50], 0, 3],
'v2': [[O, 1, 1, -1873, -31833], 0, 1],
'3': [[0, 1, 1, -3, 1], 0, 3]}
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O0beKThI, BO3BpalleHHble 13 0a3bl JAHHBIX, He HTpuHAIekaT Tuiny EllipticCurve. D10 3jieMeHTHI 6a3bl
JIAaHHBIX, UMerorue napy mnoseit. CyimecTByer Masas Bepcus 6a3bl gaHubx Cremona, KOTOpast eCTh 110 YMOJI-
YaHUIO B Sage U COMEPKUT OIPAHUIEHHYI0 NHPOPMAIIUAO O JITUITHIECKIX KPUBBIX ¢ KOHIykTopoM < 10000.
Taxkke cymrecTByeT JOMOTHUTEIbHAS OOJIbIIAas BEPCHUs, KOTOPAs COMEPXKUT MCUEPITBIBAOILYI0 HHMOOPMAIIUIO
0 BCeX KPHBBIX ¢ KOHAyKTOpoM 10 120000 (Oxrabps 2005). Eme ogun gomonanrensbusiit naker (2GB) mis
Sage COIEPKUT COTHU MUJUIMOHOB SJUIMIITUYIECKAX KPUBBIX B 6a3e maHabx Stein-Watkins.

2.12.3 Cumsonbl Oupuxne

Cumson [Jupuxae - 310 paciumpenue romomopbusma (Z/NZ)* — R* nya xonmbua Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list()

[Dirichlet character modulo 12 of conductor 1 mapping 7 [--> 1, 5 [--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 [--> -1, 5 [--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,

Dirichlet character modulo 12 of conductor 12 mapping 7 [--> -1, 5 |--> -1]
sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 [--> 1, 5 |[--> -1)
sage: len(G)

4

Co3ziaB Tpy1iLy, HY>KHO CO3/IaTh 9JIEMEHT U C €r0 MOMOIIBIO IIOCIUTATh.

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6
sage: chi.values()

[0, 1, zeta6 - 1, O, -zeta6, -zeta6 + 1, 0, 0, 1, 0, zeta6, -zeta6, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, -zeta6 + 1, -1]

sage: chi.conductor()

7

sage: chi.modulus()
21

sage: chi.order()

6

sage: chi(19)
-zeta6 + 1

sage: chi(40)
-zeta6 + 1

Tax»Ke BO3MOXKHO TTOCUATATh JjieficTere rpynnel Lagya Gal(Q((y)/Q) Ha 5T cCUMBOJIBL.

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 [--> 1, 10 [--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in gol
(1, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition()

(continues on next page)
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L

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and,
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and
—degree 2

]

Hasee a0 nmocrpouts rpyuity cuMBoJioB Jupuxie no mozyio 20, Ho co 3uadenusMu ¢ Q(4):

sage: K.<i> = NumberField(x~2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with defining,
—polynomial x~2 + 1

TeHepb IIOCYUTaeM HECKOJIbKO MHBapHUaHT G:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 [--> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |--> i)

sage: G.unit_gens()

(11, 17)

sage: G.zeta()

i

sage: G.zeta_order()
4

B nannom npumepe, cumBobl Jlupuxiie CO34a0TCs CO 3HAYEHUSIMU B YHUCJIOBOM II0JI€, SIBHO 33/1a€TCs BBIOOD
KODH{ 00'be/INHEHNS TPEThUM aprymeHToM DirichletGroup.

sage: x = polygen(QQ, 'x')

sage: K = NumberField(x"4 + 1, 'a'); a = K.0
sage: b = K.gen(); a ==

True

sage: K

Number Field in a with defining polynomial x~4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by
—a in Number Field in a with defining polynomial x~4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a~2

sage: [(chi~i)(2) for i in range(4)]

[1, a~2, -1, -a~2]

3nech NumberField(x~4 + 1, 'a') roBoputr Sage HCIOJb30BATh CUMBOJI «a» JJIsl IIe9aTh TOrO, UeM sIB-
nsercs K (amciosoe mose ¢ onpesessiomum rojuHoMoM zt + 1). Hazsanune «a» He 00bsABICHO Ha JTaHHBIH
moment. Korgma a = K.0 (skBuBasiento a = K.gen()) OyieT OLEHEHO, CUMBOJI «a» IIPEJCTABJIIET KOPEHb
nostmaOMa, 4 + 1.
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2.12.4 MopgynsipHble popMbl
Sage MOZKET BBIIIOJITHATH BBITUCICHUA, CBA3aHHbIE C MOAYJTIAPDHBIMN CbOpMa,NH/I, BKJIIOYasd U3MCPEHHUA, BbIIUC-
JIEHUE MOJIYJISIPHBIX CHMBOJIOB, OIIEPATOPOB ['€KKe 1 Pa3ioKeHus.

Cy1recTByeT HeCKOIBKO JIOCTYITHBIX (DYHKIWN JJIsT BBITUCICHIS U3MEPEHU T TPOCTPAHCTB MOJLYJISIPHBIX (DOPM.
Hampuwmep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms(GammaO(11),2)

1

sage: dimension_cusp_forms(Gamma0O(1),12)
1

sage: dimension_cusp_forms(Gammal(389),2)
6112

ﬂaﬂee ITIOKa3aHbl BbIYHUCJ/IEHU A OIIEpaTOPOB T'exkke B IPOCTPaHCTBE MOIYJ/IAPHBIX CUMBOJIOB YPOBH 1 u Beca
12.

sage: M = ModularSymbols(1,12)

sage: M.basis()

([x~8%Y~2,(0,0)1, [X~9%Y,(0,0)], [X~10,(0,0)1)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign O over Rational Field
sage: t2.matrix()

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); f

x"3 - 2001*x"2 - 97776*x - 1180224

sage: factor(f)

(x - 2049) * (x + 24)~2

sage: M.T(11) .charpoly('x').factor()

(x - 285311670612) * (x - 534612)"2

TaxzKe MOYKHO co3/aBaTh pocTpancTBo st Lo(N) u T'y(N).

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with
sign O over Rational Field

Beruncnm HeKoTOpBIE XapaKTEPUCTUYECKUE ITOJTMHOMBI U -Pa3JI0XKEHUS.

sage: M = ModularSymbols(Gammal(11),2)

sage: M.T(2).charpoly('x")

x~11 - 8*x710 + 20%x79 + 10%x~8 - 145*%xx~7 + 229%x~6 + 58*x"5 - 360%x"4
+ 70%x~3 - 516*x~2 + 1804*x - 1452

sage: M.T(2).charpoly('x"').factor()

(x - 3) % (x +2)72 % (x74 - 7*x~3 + 19%x72 - 23xx + 11)

(continues on next page)
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* (x74 - 2%x73 + 4xx72 + 2%x + 11)
sage: S = M.cuspidal_submodule()
sage: S.T(2) .matrix()

[-2 0]

[ 0-2]

sage: S.q_expansion_basis(10)
[

q - 2%q”2 - q~3 + 2%q™4 + 75 + 2xq"6 - 2*%q~7 - 2xq~9 + 0(q~10)

Tak>ke BO3MOXKHbBI BbIYICJICHUST OPOCTPAHCTB MOJAYJIAPHBIX CUMBOJIOB C 6yKBaMI/I.

sage: G = DirichletGroup(13)

sage: e = G.072

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetaB], sign O, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x"').factor()

(x - zetab - 2) * (x - 2%zetab - 1) * (x + zetab + 1)72

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x"').factor()

(x + zeta6 + 1)°2

sage: S.q_expansion_basis(10)

L

q + (-zetab - 1)*q~2 + (2*zetab - 2)*q~3 + zetabxq~4 + (-2*zetab + 1)*q~5
+ (-2%xzetab + 4)*q~6 + (2*zetab - 1)*q~8 - zetab*q~9 + 0(q~10)

]

IIpumep Toro, Kaxk Sage MOMKET BBIUYHCJSATH JEHCTBUS OMEPATOPOB |'€KKe Ha MPOCTPAHCTBO MOJYISPHBIX
dopwm.

sage: T = ModularForms(GammaO(11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO(11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup GammaO(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO(11) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO(11) of weight 2 over Rational Field

(continues on next page)
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sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight()

2

sage: M.basis()

((1,0), (1,8), (1,9))

sage: M.sign()

0

Honycrum, T), — 910 06bIuHBIH onepaTop Lekke (p mpocroe). Kax oneparopsr I'ekke 1o, T5, Ts BeayT cebs B
[IPOCTPAHCTBE MOJLYJISIPHBIX CHMBOJIOB?

sage: M.T(2) .matrix()

[3 0-1]
[0-2 0]
[0 0 -2]
sage: M.T(3) .matrix()
[4 0 -1]
[0-1 0]
[0 0 -1]
sage: M.T(5) .matrix()
[6 0 -1]
[0 1 0]
[0 0 1]
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NHTepakTusHasa obonouyka

Tlouru Bcerma B 9TOM PYKOBOJCTBE MBI IIPEAIOJIATAEM, UTO WHTEPIIPETATOD Sage ObLI 3aIyIneH KOMAHION
sage. Ona 3amycrur crenuaabHyo Bepcuio Koucon [Python u mmmoprupyer MHOXKeCTBO (DyHKIHIA U KJIAC-
COB, TaK YTO OHU F'OTOBBI JJIS UCIIOJIL30BAHUS B KOMAaH/IHOM cTpoKe. Boslee TOHKas HACTPOKa IPOU3BOIATCS
peaakTupoBanueM daitiia $SAGE_RO0T/ipythonrc. Ilpu 3amycke Sage Bbl yBUINTE BBIBOJL, ITOXOXKUIT Ha, CJIe-
JYIOLIUi:

| SageMath version 9.0, Release Date: 2020-01-01 |
| Using Python 3.7.3. Type "help()" for help. |

sage:

Yrobsr BeiiiTH 13 Sage, Haxkmute Ctrl-D mim BBeuTe qUuit miam exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time OmO0.89s)

Wall time — 310 mpormeiiee BpeMsi. T0 3HaUYeHHe BepHO, nmoromy kKak B «CPU time» He BXOIUT BpeMms,
ucnojb3oBanHoe cyomporeccamu Bpoge GAP unu Singular.

(ITocrapaiitech He ybusarh mporecc Sage KoManoil kill -9 u3 TepMuHAJA, [IOTOMY YTO Sage MOXKET He
yOUTH JOUYepHUe MPOIECChl, Takue Kak Maple, nin MOKET He OUYNCTUTH BpeMeHHbIe (hailyibl U3 TUPEKTOPUN
$HOME/ . sage/tmp.)
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3.1 Bawa ceccusi Sage

Ceccusi — 3TO IOCJIEIOBATEILHOCTD BBOJIOB M BBIBOJIOB HAUMHAsI C 3aIlyCKa [IPOrPAMMBbI U 3aKaHIUBasl BbI-
XOJIOM U3 Hee. Sage 3aHOCUT BCIO UCTOPUIO BBOJOB B log-daiin, ucnonb3ys [Python. Ecan Ber ncmonbs3yere
UHTEePaKTUBHYIO 000j10uKy (He BeG-unrTepdeiic Notebook), 1o Bl Moxkere BBecTu %hist, urobbl BbIBECTH
CIHUCOK BCEX BBEJIEHHBIX KOMaH . Bbl MOXKeTe BBeCTH 7 B KOMAHJIHO CTPOKE Sage, YTOOBI MOIYIUTh OOIbIITe
nadopmarun o IPython, manpumep, «IPython mpemocrasisier mpoHyMepoBaHHbIE KOMAHIHBIE CTPOKHU. .. C
KeIMpOBaHNEM BBOZIa U BbIBOJIA. Bce BBejeHHBIE JaHHBIE COXPAHSIOTCS W MOI'YT OBITH WCIIOJb30BAHBI KaK
nepeMeHHbIe (IOMUMO OOBIMHOTO BBI30BA ¢ MOMOIILIO cTPesioK). Creyioniue riobajibHble IePEMEHHBIE [IPH-
CYTCTBYIOT Beeryia (He nepesanucbiBaiite ux!)»:

previous input (interactive shell and notebook)
__: next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

IIpumep:

sage: factor(100)

1 =272 % 572

sage: kronecker_symbol(3,5)

2 =-1

sage: %hist # PaboTaeT TONBKO B MHTEPaKTUBHOI obojouke, HO He B Sage notebook.
1: factor(100)

2: kronecker_symbol(3,5)

3: %hist

sage: _oh

4 ={1: 272 *x 572, 2: -1}

sage: _il

_5 = 'factor(ZZ(100))\n'

sage: eval(_il)

_6 =272 x 572

sage: %hist

1: factor(100)
2: kronecker_symbol(3,5)
3: Jhist

4: _oh

5: _i1

6: eval(_il)

7: %hist

Ms1 He BKIIIO9aEM HOMEPA CTPOK B 9TOM yIeOHOM IMOCOOMHU M B JIPYTrON JOKYMEHTAIIMH Sage.

BrbI Takxke moxkere XPaHUTH CIIMCOK BBEAECHHBIX KOMaH/I CECCUU B BHIE MaKpPOCa JIJIsI CECCHUH.

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols(37)
sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: Jmacro em 1-2

Macro “em” created. To execute, type its name (without quotes).
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sage: E
Elliptic Curve defined by y~2 + x*y + 3*y = x"3 + 2*x72 + 4*x + 5 over
Rational Field

sage: E =5

sage: M = None
sage: em
Executing Macro...
sage: E

Elliptic Curve defined by y~2 + x*y + 3%y = x"3 + 2%x72 + 4*x + 5 over
Rational Field

IIpu ncnonb3oBaHM MHTEPAKTUBHON 000049k Sage, obast UNIX-koMaH1a MOXKeT OBITH 3aIlyIeHa C I1o-
Morpio nmpedukca !'. Hampumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

BO3BPAIIAET COJIEpKAHUE TEKYIIEH TUPEKTOPUH.

Iepemennas PATH coxkep:kuT aupekTopuio bin (6unapabie (ailibl) B caMOM Hadaje, TaK 9TO €CJIU Bbl 3a-
IycKaeTe gp, gap, singular, maxima, u T.J. BbI IIOJIy9aeTe BEPCUH, BKJIIOUYECHHBIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR /  Development
A Computer Algebra System for Polynomial Computations /  version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XypHanupoBaHue BBOoAa U BbiBOAa

ZKypuanuposanue ceccuu Sage 9TO HE TO K€ caMoe, 9TO coxpHanenue ceccuu (eM. Coxpanenue u 3azpyska
noanwx ceccuds I 91oro). s XKy pHaaupoBanus BBoja (1, OIIUOHAJILHO, BBIBOJA), UCIIOIL3YATE KOMAHILY
logstart. Beemure logstart? s nogpobrocTeil. Bor MoXKeTe HCIOIBb30BATD 9TY KOMAHLY JJIsl 2Ky PHAJIIPO-
BaHUs BCEr0, YTO BbI BBOJIUTE, BCET'O BBIBOJA, U JaKe MOXKETe BOCIIPOU3BECTH BBEJICHHbBIE JIAHHBIE B OyIyIIeit
ceccun (npocTo 3arpysus log-daiii).

was@form:~$ sage
| SageMath version 9.0, Release Date: 2020-01-01 |
| Using Python 3.7.3. Type "help()" for help. |

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

(continues on next page)
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Filename . setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = QQ~3

sage: x,y = QQ['x,y'] .gens()

sage: G = E.gens()

sage:

Exiting Sage (CPU time OmO.61s, Wall time Om50.39s).
was@form:~$ sage

| SageMath version 9.0, Release Date: 2020-01-01 |
| Using Python 3.7.3. Type "help()" for help. |

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y~2 + x*y = x"3 - x72 + 4xx + 3 over Rational
Field

sage: X*y

XXy
sage: G
[(2:3: 1]

Ecsin BoI ucnosbdyere Sage B konsole — repmunasie cpeapl KDE 8 GNU/Linux — Torza Bbl MOXKeTe COXpPa-
HUTDH CECCHUIO CJIEYIONIM 00pa3oM: TIocie 3amycka Sage B konsole, Beibepure «settingsy, morom «history. . . »,
noroM «set unlimited». Korja BbI TOTOBBI COXpaHUTH ceccuio, BbiOepuTe «edit» m «save history as...» u
BBeUTE NMs daiiia jia coxpaHerus. [ociie 3Toro BBl MOXKeTe BOCIIOJIb30BATHCS JIIOOBIM TEKCTOBBIM PEJIAK-
TOPOM, HAIIPUMEDP X€macs, [iJisi YTeHus aiia.

3.3 BcTaBka urHopupyeTt npurnawieHume

JomyctuM, BBl YUTaeTe CECCHIO Sage Win Bbruncyenus Python, u xorure ckonmposarh ux B Sage. Ho ectb
o/iHa IIpobJIeMa: 3HaKU >>> uiu sage:. Ha camoM Jiesie BbI MoKeTe KOIMPOBATH U BCTABJIATH IIPUMEPBI, KOTO-
pble BKJIIOYAIOT 9TU 3Haku. Ipryumu ciioBaMu, Sage UTHOPUPYET CUMBOJIBI >>> WJIN Sage: Hepe/i OTIPABKON
komau1 B Python. Hanpuwmep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024
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3.4 KomaHpabl namepeHns BpemMmeHu

Ecau BbI BBeeTe KoMaHIy %time B HavYase CTPOKH BBOJA, TO BPEMs, 3aTPAdC€HHOE Ha BBIIOIHEHNE OIIEPAIINH,
OyzeT BBIBEJIEHO Ha dKpaH. Hampumep, BbI MOKeTe H3MEPHUTH BPEMs BBIIOJHEHUS OIE€PAINU BO3BEJECHUS B
CTeleHb HeCKOIbKUMU Iy TsiMu. [Tokazanust ke Oy/IyT OTINYATHCS OT BAIlIUX; OHU MOTYT OTJINYATHCS JTaXKe
B pa3HbIxX Bepcusax Sage. Yucterit Python:

sage: Jtime a = int(1938)~int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

7o osnauaer uro 0.66 cexyHi ObLIO 3aTpadeHO B cymMe, a «Wall times, (npomesnee spemsi), Toxe 0.66
cexkyHz. Eciu Bamm KOMIIBIOTED CHJIBHO 3arpyzkeH Apyrumu mporeccamu, 1o «Wall time» moxker cmiibHO
OTJIMYIATHCS OT IIPOIECCOPHOTO BPEMEHU.

Jlasiee MBI TocanTAEM BpEMsT BO3BEJIEHUSI B CTEIIEHD C UCIIOJIH30BAHIEM BCTPOEHHOTO B Sage Me0UnCIeHHOTO
TUIa JaHHBIX, peannsosanHoro (B Cython) ¢ ucnosnbzosannem 6ubnmnorekn GMP:

sage: %time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

Ucnonwbsys unrepdeiic PARI u3 6ubsmoreku C:

sage: %time a = pari(1938) pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Bezier cebst srydre, HO TOJIBKO HEMHOTO (KaK M OXKHJIAJIOCH, Beab Bepcust PARI, Berpoennas B Sage,
ucnosnbsyer GMP 1y1st paGoThl ¢ TEIBIMU IUCITAMHE).

Brr Takxke mozkere 3aMEpPUTHb BPEMs BBIIIOJTHECHNA OJI0Ka KOMaH/ C ITIOMOIIBIO cputime, KaK IIOKa3aHO HUXKeE:

sage: t = cputime()

sage: a = int(1938)~int(99484)

sage: b = 1938799484

sage: ¢ = pari(1938) pari(99484)

sage: cputime(t) # random output
0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
QUTPUT:

float -- time in CPU seconds

Komanga walltime BemeT cebs Tak Ke, KAK cputime, HO OHA U3MEPSET HACTOSIIEE BPEMS.

Mp1 Tak2Ke MOXKEM BO3BECTU HHCJIO B CTEIEHDb, HCIOJIb3ys CUCTEMbl KOMIBIOTEDHON ajreOphl, BKIIOUYEHHDBIE
B Sage. B KaxK/1oM cirydae MBI 3allyCKaeM MPOCTYI0 KOMAHJIy B CHCTeMe YTOOBI 3aIllyCTUTh CEPBEP ISt ITOMN
nporpammbl. Camoe Tounoe - Bpemst 310 Wall time. OiHaK0, ecjiu cyIecTByeT CyIeCTBeHHAsT PA3HULIA MEXK LY
TuM 3HadenueM u npomeccopubiM BpemereM (CPU time), To, BO3MOXKHO, €CTh CMBICJ IIPOBEPUTH CHUCTEMY
Ha HaJu9ue 1podJIeM ITPOU3BOAUTETHHOCTH.
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sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima(0)
0
sage: time g = maxima('1938799484')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash(0)
0
sage: time g = kash('1938799484"')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica(0)
0
sage: time g = mathematica('1938799484"')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938799484"')
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938799484; ;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

amersre, uro GAP n Maxima sIBJISIIOTCS CaMBbIMU MeJJIEHHBIMH B 9TOM TecTe (TecT ObLI MPOBEJEH Ha
MarmHe sage .math.washington.edu). Tak kak onu paboTaior ¢ ApyruM uHTEpQERCcOM, HAJICTPOSHHBIM HAI
HUAMHY, CyJIUTh 00 aDCOJIOTHON MPOU3BOAUTEILHOCTH STUX CHCTEM HE CTOUT.

3.5 Ownbkun n ncknrwyeHns

Korza 9ro-1o uzer He Tak, 00bIYHO MOXKHO yBUIeTh uckiodenue Python (Python «exceptions). Python nazxe
MIOTIBITAETCS TIPE/IITOJIOKUTD, YTO BBI3BAJIO OMMUOKY. JacTo BbI MOXKETE BHJIETh UMsl UCKJIIOUYEHUS, HAITPIMED,
NameError mwin ValueError (cm. Python Library Reference [PyLR]| mus mosHOro crnmcka nckirodeHnmii).
Hampuwmep,

File "<console>", line 1
ZZ(3)_2

SyntaxError: invalid ...

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

VHTepakTHBHBIA OTJIAIUK MOYKET ObITH IIOJIE3HBIM [JIsI IOHUMAsI TOI'O, 9TO MOILIO He TakK. OTiIa auK MoX-
HO BKJIIOYATH MJIM BBIKJIIOUATH KOMaHOH %pdb (Mo yMosganuio oH BHIKIIOUEH). [Ipuriamenne KOMaHIHON
cTpoKn ipdb> nosiBisieTCsl Ha dKPaHe, €C/IN CIIyYUJIOCh UCKIIIOYEHNe U OTJIAUMUK ObLI BKiOdeH. 113 orirai-
YUKA BBl MOYKeTE€ BBIBECTU Ha SKPAH COCTOAHUE JIIOOON JIOKAJIBHON I€PEMEHHON U JBUTATbCS BBEPX M BHU3
o creky (execution stack). Hanpuwmep,

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([1,infinity])

<class mexceptions.TypeError'> Traceback (most recent call last)

ipdb>

Jy1s mosydennst CuCKa KOMAH[T OTJIAINKa BBEINTE 7 B KOMAHIHON CTpOKe ipdb>:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands  debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c¢ cont down ignore n pinfo return unalias
args cl continue enable J next pp S up
b clear d exit jump P q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxkmure Ctrl-D man BBeguTe quit 9T00BI BEPHYTHCS B Sage.

3.5. Ownbkun n nckno4veHuns 55




Sage Tutorial in Russian, Bbinyck 9.6

3.6 OOpaTHbIi NONCK N aBTOAOMNOJIHEHNE

CrauaJia o312, IMM TPeXMepHOe BeKTOpHoe mpocTpancTo V = Q3 ciemyrommum o6pasom:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

MozkHO HCHO/IB30BATH COKpallleHHOe 0003HaYEHHE:

sage: V = QQ~3

BeenTe HAUAI0 KOMAHJIBI, TOTOM HaskKMuTe Ctrl-p (WK MPOCTO HA’KMUTE CTPEJIKY BBEDX HA KIIABHATYDE)
9TOOBI BEPHYThCS K JIFOOOI M3 CTPOK, KOTOPbIE BbI BBOJWJIM, HAYMHAIONIENCS C TAKUX K€ CHUMBOJIOB. JTO
paboraer Jarke €cJd BBl IOJTHOCTBH BBIIUIM U3 Sage U IIePe3alyCTUIN ero 1moske. MOoXKHO HCIIOIb30BaTh
u OOpaTHBIN MMOUCK IO MCTOPUU KOMAH[ ¢ HOMOINbI0 Ctrl-r. Bee 3Twm BO3MOXKHOCTH HCHOJIB3YIOT IIAKET
readline KOTODBIl JocTyteH mouru Ha Beex pasnosuguoctax GNU/Linux.

Mo2KHO ¢ JIETKOCTBIO BBIBECTU CITUCOK Bcex yHKImM mjisg V', ucnosb3ys aprogomnoaHenue. [Ipocto BBenuTe
V., morom Haxxmure [TAB] Ha cBoeil KjaaBuarype:

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

ESEESTESTE ST ST

V.zero_vector

Ecsu BB BBeZIeTE 11EPBBIE HECKOJIBKO CHMBOJIOB KOMAHIbI, & ToTOM HaxkMére [TAB], BbI mosyunTte byHKINH,
KOTOpbIe HAYMHAIOTCS C 9TUX CHUMBOJIOB.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

JIA BaM AHT HO, 4T JaeT Kakasa-HUuOy/Ib HKIIUS, HAIIPUM i BBejuTe V. i [
Ec a epeCcHO, UTO JeJIaeT KaKa, (8) , Ha, ep coordinates, BBesiuTe V.coordinates?
JJIs TIOJIy4eHus clipaBKu uiu V. coordinates?? Jijid IOJIyYCHUA UCXOLHOIO KO (O6’bHCHHeTCH B CJICJIYIOIIEeM
paszese).

3.7 BcTpoeHHasi cnpaBo4Hasi cmcrtema

Sage obsa1aeT BCTPOEHHON CIIpaBOYHOI cucTteMoil. Beegure HazBanme GyHKIMA CO 3HAKOM ! JIJIsT JOCTYIIA K
JOKYMEHTAIINN 110 9TOH (DYHKIUHU.

sage: V = QQ~3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_i B_i = v.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); MO,M1=M.gens()
sage: W = M.submodule([MO + M1, MO - 2x*M1])

sage: W.coordinates(2*M0-M1)
[2, -1]

Kak mokazaHo BbIllle, BBIBOJI MTOKA3bIBAET THUI 00bEKTa, (ailyi, B KOTOPOM OH OIPEJICJIEH U IO0JE3HOE OIIH-
caHre (yHKIUU C MpUMepaMu, KOTOPble MOYXKHO BCTABUTH B Ballly TEKyIlylo ceccuto. [loutu Bce mpumepsr
[TO/IBEPTAIOTCS PETYJIsIPHOM aBTOMATHYIECKON ITPOBEPKE Ha IMPeIMeT PabOTOCIOCOOHOCTH W HAJIUMIHS Tpedye-
MOTO IIOBEJICHUS.

Jpyrast BO3MOXKHOCTBH XOPOIIIO OTPaKaeT JIyX OTKPBITOrO IIPOTPAMMHOTO obecriedeHus:: ecyn £ 310 GpyHKImST
Python’a, To £77 BeIBeIeT MCXO/HBIN KO, KOTOPHIi onpeesnsier . Hampumep,

sage: V = QQ~3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates(self, v):

Write $v$ in terms of the basis for self.

return self.coordinate_vector(v).list()

Orciofia MBI 3HAEM, 9TO BCe, 9TO JieaeT (pyHKius coordinates, 310 BbI30B (byHKIMH coordinate_vector
U TIPEBPAIAET PE3yJIbTAT B CIUCOK. UTo menaeT dpyHKIusa coordinate_vector?

sage: V = QQ~3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

Oyuxnust coordinate_vector yaepKUBaeT BBEJCHHBLIE 3HAYUEHUS BO BHEITHEM IMIPOCTPAHCTBE, UTO IO3BO-
JITeT JTOOUThCsT TaKoro ke 3dpdekTa, KaK IPU BBIYUCIEHUN BEKTOPa KOIMDMUINEHTOB IIEPEMEHHONR ¥ ¢ TOY-
ku 3perus V. Ilpocrpancrso V yxke BHemmHee, Tak Kak oHO sapiserca Q3. CymecTByer Taxxke (QyHKIUS
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coordinate_vector uis MOAIPOCTPAHCTB, U OHA BeJeT cebsd mo-mHOMY. MBI CO3UM IIOAIIPOCTPAHCTBO U
IIOCMOTPUM:

sage: V = QQ~3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
nun

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows (w)

(Ecam BBI cunTaere, 9TO CyIIECTBYOMAsd peanusanusa HedGEeKTUBHA, M0XKAJIYNHCTa, 3aPErUCTPUPYHTECh U
[OMOTUTE ONTHUMU3UPOBATD JIUHEHHYIO ajrebpy.)

Brr Takke moxkere BBecTu help (ums_xomawmzs) win help(xkmacc) [jist HOJIyU€HUS CIPABKUA O KJIACCAX HJIH
(GYHKIMAX B CTUJIE Man-CTPAHUIL.

sage: help(VectorSpace)
Help on class VectorSpace

class VectorSpace(__builtin__.object)
| Create a Vector Space.

I
| To create an ambient space over a field with given dimension
| using the calling syntax

Korma BeI BBOmuTE q A1 BEIXOZA U3 CIIPABOYHON CHCTEMBI, Ballla, CECCU HAXOIUTCA B TOM K€ COCTOSHAN, YTO
u 70 sroro. CopaBKa He 3ax/IaMJIsgeT Balll 9KpaH, B oTandne oT (GopMbl function_name?, KOTOpas HHOTIA
MOXKET OCTaBJISITh HHMOPMAIUIO B Baleii ceccun. OCcoOEHHO TOJIE3HO UCIOIB30BaTh help (module_name). Ha-
IIpUMep, BEKTOPHBIE IIPOCTPAHCTBA ONMCAHBI B sage.modules.free_module, mostomy BBesuTe help(sage.
modules.free_module) s gokymenTanuu 060 BceM momayste. Korja Bel IpocMaTpuBaeTe JIOKYMEHTAIUIO B
CIPABOYHOM CHCTEMe, BbI MOYKETE OCYIIECTBIIATH IIOUCK C ITOMOIIBIO / U B 0OPATHOM IOPsJIKE C IOMOIIBIO 7.

3.8 CoxpaHeHue n 3arpyska oTaesibHblIX 00beKTOB

JlomycTuM BbI BBIYUC/IMIN MATPUILy WA XyZKe: CJIOXKHOE MPOCTPAHCTBO MOJIYJISIDHBIX CHMBOJIOB, U XOTUTE
COXPAHUTH €ro jisi paboTel B OymymeMm. Kak sro caenars? KEcTh HECKOBKO CIIOCOO0B, KOTOPBIME KOMIIBIO-
TepHBbIe aJreOPhl MOJIL3YIOTCS JIJIsT COXPAHEHUsT OO'bEKTOB.

1. Coxpanutb urpy: [lomaep:kuBaercss COXpaHeHNE M 3arpy3Ka TOJBKO MOJHBIX CECCHil (HAIpuMmep,

GAP, Magma).

2. VaudunupoBaHHbIil BBOA/BBIBOA: BbIBo/I 06BEKTOB HA 9KPAH B TAKOM BHUJIE, B KOTOPOM OHU MOLYT
6biTh cunranst o3xe. (GP/PARI).

3. Eval: Jlerkuit cioco6 3amycka J1060ro Koja B naTepnperarope (Hampumep, Singular, PARI).
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Taxk kak Sage nmocrpoen Ha Python’e, oH ucIo/ib3yeT WHOM MOIXO0; KaXKIblil 00BEKT MOXKET ObIThH IIPEBPAIIEH
B CTPOKY, U3 KOTOPOIi B IMOCJIEJICTBUNA MOYXKHO BOCCTAHOBHUTBH 00beKT. CIocob CX0XK €O CIOCO0OM yHUMDUKAIIUN
BBOJIa U BbIBOJIA, Kak B PARI, HO B ciydae ¢ Sage HEeT HEOOXOIMMOCTH BBIBOJUTH OOBEKT Ha IKPAH B CAMOM
ueynobuoit popme. Takeke, nopIepKKa COXpaHEHUs U 3arpy3Ku (B OOJIBIITHCTBE CJIy9IaeB) MOJHOCTHIO ABTO-
MaTHUYHA, He TPeOyeT JOMOJHATEILHOTO TPOrPaMMUPOBAHUST; 9TO MPOCTO BO3MOXKHOCTL Python’a, koTopas
ObLIa BKJIIOYEHA B sI3bIK C CAMOTO HAYAJIA.

Iourn J06GO# OOBEKT X MOMKET OBITH COXPAHEH B CKaTOi (hopMe Ha JAUCK HPU IIOMOIIA KOMAHJIBI
Ssave(x, filename)*““ (uam Bo MmHOrmx ciyuasx - x.save(filename)““). Jlps s3arpysku oObeKTa BBeIUTE
load(filename)““.

sage: A = MatrixSpace(QQ,3) (range(9)) "2

sage: A
[ 15 18 21]
[ 42 54 66]

[ 69 90 111]
sage: save(A, 'A')

Tenepn BoiiiuTe U3 Sage u nepesamycrure. Temepb BbI MOXKETE MMOJIYIUTH ,, ‘A““ 06paTHo:

sage: A = load('A")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To ke camoe MOXKHO JIeJIaTh U ¢ 0oJiee CJIOKHBIMU OOHEKTAMU, HAIIPUMED SJUITHITUIECKUMU KPUBBIMU. Bes
urdopManyst 06 o0bekTe (KOTOpasi HAXOIUTCS B Kellle) COXpaHsieTcsi BMecTe ¢ obbekToMm. Hampumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist(100000) # mpebyem Hekomopoz20 8peMeru. . .
sage: save(E, 'E')

sage: quit

Coxpamnennas Bepcus E 3annmaer 153 xkmrobura, Tak Kak B HeM cozepzkarcs nepsbie 100000 a,.

~/tmp$ 1ls -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist(100000) # momenmanbro!

(B Python, coxpanenue u 3arpyska ocyiecrsisgercs moaysiem cPickle. O6bekT Sage x MOXKeT OBITH COXpa-
HeH ¢ moMoInpio cPickle.dumps(x, 2). O6parnrte BHuMaHue Ha 2!)

Sage He MOYXKET COXPAHSITh U 3arpyKaTh OOBEKTHI, CO3JIaHHBIE B JPYTUX CHCTEMaX KOMIBIOTEPHOIN ajaredpsl,
takux kak GAP, Singular, Maxima u up. OHu 3arpy»KaroTcsi B COCTOHAN, KOTOPOE IIOMEYeHO Kak «invalid».
Xots, B GAP MHOorne o6beKThbl BBIBOAATCS B (pOPME, U3 KOTOPOH MX MIOTOM MOYKHO BOCCTAHOBUTD, HO MHOTHE
HE BBIBOJATCS B TAKOW (pOpMe, MOITOMY UX BOCCTAHOBJICHUE M3 TAKOI'O BHJIA HAPOYHO 3AIIPEINEHO.

sage: a = gap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

ValueError: The session in which this object was defined is no longer
running.

O6bekTsr GP/PARI MOryT GbITH COXpAHEHBI M 3aIDyKEHBI, TAK KAK WX BUJL [IPU BBIBOJIE HA IKPAH JOCTATOUEH
JIJIsl BOCCTAHOBJIEHUST 00HEKTA.

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

CoxpaHeHHBbIE 00BEKTBI MOTYT OBITH 3arpy’KEHBI 1103Ke Ha KOMITBIOTEPAaX ¢ JIPYTroil apXUTEKTYPOil MiIn ore-
PAIMOHHO CUCTEMOIl, HAIIpUMED, Bbl MOXKETe COXPAHUTh OIPOMHYI0 MaTpuily B 32-6urHoit OS X u 3arpy3urhb
ee B 64-6urnyio GNU/Linux, npusectu K cryneadaroii ¢popme u nepemectuth obparao. Takike BO MHOIMX
CJIy9asix BBl MOXKETE 3arpyKaTh OOBbEKTHI B BEPCUU Sage, OTJINIHBIE OT BEPCUH, HA KOTOPOI OHU OBLIN COXPa-
Henbl. Bee aTpubyThl 06beKTa COXPAHSIOTCI BMECTe ¢ KJIacCoM (HO He BKJIIOYAasi MCXOJIHBINA KOJ), KOTOPBIi
onmckiBaeT 00bekT. Ecin kirace 6osiee He CyIecTByeT B HOBOI BepcuH Sage, TOrjia OObeKT He MOYKeT OBbITh
3arpy»KeH B 9Ty HOBYIO Bepcuto. Ho ecim BBl 3arpy3nTe ee Ha BEPCHUIO HUKE, IOJIYINUTE CIOBAPH OOBEKTOB (¢
HOMOIIBIO X. __dict__) U COXpaHuTe CJI0Baph, TO CMOXKETE 3arPy3UTh €ro B HOBYIO BEPCHIO.

3.8.1 CoxpaHeHune B BUge Tekcra

Bor Takzke MoxkeTe coxpauaTh 00bekThI B Bujie Habopa ASCII cuMB0IOB B 1pocToit TeKCTOBBIH (hailr mpocThiM
oTKpbITHEeM bailyia n COXpaHEHNEM CTPOKH, KOTOPast BRIPAsKaeT (OIUCHIBAET) OOBEKT (BbI MOYKETE 3aIIUCHIBATE
HeCKOJIbKO 06bekToB). He 3a0ypre 3aKphITh (ailsn mocie 106aBaeHnsl JaHHbIX.

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: f = (x+y)~7

sage: o = open('file.txt','w')

sage: o.write(str(f))

sage: o.close()

3.9 CoxpaHeHue n 3arpyska rnoJiHblIX ceccui

Sage obsiaaeT oUYeHb THOKUMY BO3MOXKHOCTSIMYM COXPAHEHUsI W 3arPy3KU MOJTHBIX CECCHM.

Komanza save_session(sessionname) coxpaHsieT Bce ITl€peMEHHbIE, KOTOPbIE BB 33J[aJIA B TEKYIIEH ceccuu
B BUJIE CJIOBaps B 38JIaHHOM sessionname. (B peakom ciryuae, Korma 00beKT He TOIIEPKUBAET COXPAHEHNUS,
OH TIpOCTO He By/IeT BKIIOYEH B CJI0Baph.) B pesyabrare Gyaer cosnan dails ¢ pacimperneM . sobj 1 MOXKeT
OBITH 3arpykeH Kak Jitoboi Jpyroit oobekT. Korma Bbl 3arpykaere cOXpaHeHHbIE OOBEKTBHI B CECCHUIO, BbI
[IOJIy9aeTe CJIOBAPh, KII0YaMI KOTOPOTO SIBJISIOTCA MMEHA [MEPEMEHHBIX, & 3HAYCHUSMU — OObEKTHI.

Bo1 mozkeTe ucmomp30BaTh KoMaHIy load_session(sessionname), 9T00bI 3arpy3UTh EePEMEHHbBIE, OIMMCAH-
Hble B sessionname, B TEKYILYIO CECCHIO. 3aMEThTe, UTO ITO He YJAJSIET NepeMeHHble, 3aJaHHble B ITON
ceccuu. Bmecto aroro, JiBe ceccun 00bEIUMHSAIOTCS.

Jlis Hagasia 3amrycTuM Sage U 3aJa/IMM HECKOJIBKO [TePEeMEHHBIX.

sage: E = EllipticCurve('1la')
sage: M = ModularSymbols(37)
sage: a = 389

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4 = (x - 2004) * (x - 12)"2 * (x + 54)"2

Jasiee, cOXxpaHUM HAIITy CECCHIO, YTO BKJIIOYHUT B cebs COXpaHEHNEe BCEX 3a/[aHHBIX BBIIIIE IEPEMEHHBIX B (hailiI.
TTorom MBI ipoBepuM uHpoOpManuio o daitie. Ero pasmep — 3 kujobaiita.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

Hakomnern, Mbl nepesairyctum Sage, 3a/1aUM JOHOJHUTEIHHYIO IIEPEMEHHYIO U 3arDY3UM COXPAHEHHYIO CEC-
CHIO.

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

Ka)K,ZLaH COXpaHEHHad IepeMeHHasd CHOBA ABJIACTCA HepeMeHHOI;'I. KpOI\/Ie TOr0, IIepeMeHHasd b He ObLIa nepe-
3anucaHa.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign O

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y™2 + y = x°3 - x72 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389

3.9. CoxpaHeHue un 3arpy3ka NoJIHbIX CECCUiA 61




Sage Tutorial in Russian, Bbinyck 9.6

62 FnaBsa 3. WNuTtepakTuBHas 0b60n04Ka



[naBa 4

NHTepdeiicsi

KpaeyroabubiMm kamMaeM Sage siBJIsieTCs TOAIEPXKKA BEITUCICHUI ¢ UCIOJIb30BaHNEM O0bEKTOB U3 PA3HBIX CH-
CTeM KOMBIIIOTEPHOM aareOpbl, KOTOPbIe HAXOIATCS «IIOJ OHON KPBIMIeiy 1 UCIOIB3YIOT 00Imit murepdeiic
U YUCTBII A3BIK IPOIPAMMUPOBAHUSI.

Merompr console u interact uarepdeiica senaror pasubie Bemu. Hampumep, ucmonb3yst GAP kak npumep:

1. gap.console(): OrkpriBact koHCONMb GAP 1 mepenaer ynpasmerne GAP’y. 31ecy Sage BbIcTymaer B
posu yao6HOH KOMaHHO! cTpoKu, Hanonobue obostouku Bash B GNU/Linux.

2. gap.interact(): D10 ymobHBIH criocob BlanMoieiicTBusI ¢ 3amytneHHbiM narepdeiicom GAP, «3amosn-
HEeHHBIM» OObeKTaMu Sage. Bbl MoxkeTe nuMIOpTUpoBaTh 00beKTH Sage B ceccnto GAP (naxe u3 uH-
TepaKTUBHOrO uHTepdeiica), u mp.

4.1 GP/PARI

PARI s10 KOMIaxkTHasl, OU4eHb MPOJyMaHHasi W XOPOIIO OINTUMU3UPOBaHHAs Iporpamma Ha C, cocpemsoro-
genHast Ha Teopun unces. CymecTByer JBa pa3ie/bHbIX nHTepdeiica, KOTOpbie BbI MOXKETE UCIOJIb30BATh B
Sage:

e gp - gp - uarepuperarop «G o P ARI» | u
e pari - pari - C-6ubsmorexka PARI.

]:‘IaHpI/IlV[ep7 CIeayrone A€ CTPOYIKU BBIMIOJHAIOT OJHY U TY 2K€ Ollepaluio. Oun BBITVIAOAT UACHTUYIHO, HO
BLIBOI Ha CaMOM JeJI€e OTJINYaeTCd, a 3a KY/JIHMCaMU IIPOUCXOAAT COBCEM Pa3HBbIC BEIIH.

sage: gp('znprimroot(10007)"')
Mod (5, 10007)

sage: pari('znprimroot(10007)"')
Mod (5, 10007)

B mepBom ciyuae ormenpHas komwmsi uHTepnperaropa GP  3amyckaercs Kak cepBep, U CTPOKa
'znprimroot (10007) ' ormnpasiisiercss B Hero, Beramciisiercs ¢ rnomomnibio GP, m pesysbrar 3ammceiBaercst
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B nepemennyio B GP (koropas 3anummaer npocrpancTBo B namsatu nporecca GP u me Gyuer ocBoboxie-
Ha). ITocsie 3TOr0 3HAUEHNE TIEPEMEHHOI BBIBOAUTCS Ha 9KpaH. Bo BTOPOM ciiydae OT/elbHasl IIPOrpaMMa He
3aIlyCKAeTCsl, U CTPOKa 'znprimroot (10007) ' Bbrumcisiercss KoHKpeTHON dyukimeii C-6ubmuoreku PARI.
Pesynbrar coxpansiercs B heap-nmamsitu Python’a, koropasi ocBobOX)JaeTcss mocjie TOTO, KaK ME€PEeMEHHAsT
[IEPECTAET UCIOJIB30BATHCsA. ¥ OOBEKTOB PAa3HBIM THIL:

sage: type(gp('znprimroot (10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)"'))
<class 'cypari2.gen.Gen'>

Taxk kakoii ke crrocob MCII0JIb30BaTh? JTO 3aBUCUT OT TOrO, UTO BbI Aesaere. aTepdeiic GP moxer jenars
BCe, 9To MOXKeT Jiesiarh nporpamma GP/PARI, 3amyckaemas 13 KOMaHIHON CTPOKHU, HOTOMY KAK OH 3aIlyCKAeT
9Ty mporpaMmy. Bl Moxkere 3arpys3uth cioxkuyio nporpammy PARI u 3amycturs ee. C apyroit cTOpoHbI,
unrepdeiic PARI (uepes C-6ubimorexy) umeer HaMHOIo 6oJibIie orpanndenuii. Bo-nepBbix, He Bce DyHKIMN
B Heil peasnm3oBaHbl. BO-BTOPBIX, MHOI'O KOJa, HAIIPUMED, YUCIEHHOEe MHTEI'DHPOBaHUe, He OylaeT paboTarh
qepes unrepdeiic PARI. Uarepitec PARI MoxkeT ObITH HAMHOIO OBICTpEE U IMOHATHEee, 94eM cpaHeruio ¢ GP.

(Ecam y unrepdeiica GP 3akoHInTCS NAMATH IIPU BHIYUCJICHUY JAHHON CTPOKH, OH ABTOMATUIECKHU U 63 11pe-
JYTPEeXRICHNS YIOBAT pa3Mep CTeKa W MOIMpoOyeT BLIYUCIeHHE erle pa3. [[09ToMy Ballu BLEIYHUCTIEHNS BCETIA
OyIyT IPOU3BEIEHBI KOPPEKTHO, €C/IU BbI IIPABUJILHO PACUATaeTe pasMep HeOOXOANMON maMsaTH. DTOT y100-
HBII TPIOK HE BXOIHUT B apceHasi rpocroro narepuperaropa GP. Oraocurensuo uaTepdeiica C-6ubimoreku
PARI: on cpa3y kommpyer KaxKiplii co3daHHbIl 00beKT u3 creka PARI, mosroMy crek HMKOrIa He pacrer.
OpHako, KaxKIplil 0ObEKT He JIOJIKEH MpeBhimaTh padMepa B 100 merabaiit, nin crek OyeT mepernoHeH Ipu
coznanuu 00bekTa. JJonoHuTe/IbHOE KONMPOBAHUE HEMHOIO BJIUSAET Ha OOIILYIO IPOU3BOIUTENHLHOCTD. )

Sage ucnonpzyer C-6mbanoreky PARI, aro6bl moiepKuBarh (DyHKIIMOHAIBHOCTD, CXOXKYIO ¢ HHTEPIIPETa-
ropom GP/PARI, HO BKJIIOUas pa3jindHble CJIOXKHBIE OEPAIUH 10 paboTe C HAMSITHIO U S3BIK IPOrPAMMU-
poBanust Python.

Cuauaja, co3maaum cnucok PARI u3 crimeka Python.

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<class 'cypari2.gen.Gen'>

Kaxapbiit oobekr PARI gaBisiercst o6bekrom Tuma Gen. Tun PARI moxkeT OBbITH TOJIyYeH C IIOMOIIBIO
dyHKIHE-1IeHa type.

sage: v.type()
't_VEC'

B PARI, 94T006BI cO3/1aTh SJUIMITUYECKYIO KPUBYIO, Hy>KHO BBecTn €llinit([1,2,3,4,5]). B Sage crioco6
CXOXK, TOJMBKO €1linit — 9T0 MeTo, KOTOPbIil MOXKeT OBITh BhI3BaH Jist Jiioboro obbekra PARI, nampumep
marma t_VEC v.

sage: e = v.ellinit()

sage: e.type()

't_VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

TeHepb, KOTJIa y HaC €CTb 00BEKT SJIIUIITUIECKAS KpuBas, Mbl MO>K€M BBIYHCJIUTH tITO—HI/I6y,IH).
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sage: e.elltors()

(1, 01, 011

sage: e.ellglobalred()

[t0351, [1, -1, O, -11, 1, [11, 1; 941, 11, [[1, 5, O, 11, [1, 5, O, 1]1]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage nocrasisiercst ¢ GAP nis Beraucsienuit B 06/1acTi IUCKPETHON MaTeMaTUKU, B 0OCOOEHHOCTH, B TEOPUU
TPYMHIL.

Bor npumep dynknun IdGroup u3z GAP, koropas ucmosb3yer 6a3y JAHHBIX HEOOJBIINX TPYII, KOTOPAas
JIOJIZKHA OBITh YCTAHOBJIEHA OTIEJIbHO, KaK IOKA3aHO HUXKE.

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5), (3,4) 1)

sage: G.Center()

Group( () )

sage: G.IdGroup()

[ 120, 34 ]

sage: G.0Order()

120

MpbI MOKeM TIPOBECTH Te K€ BLIUUCICHUsT B Sage 6e3 nmpsMoro BbizoBa unrepdeiica GAP cienyromum obpa-
30M:

sage: G = PermutationGroup([[(1,2,3),(4,5)],[(3,4)]11)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)])
sage: G.group_id()

[120, 34]
sage: n = G.order(); n
120

Hekorobte dyukmun cucrembr GAP ocTymHbI TOIBLKO TOCE WHCTAISIMNA JTOMTOJHATEIBHOTO [TaKeTa Sage.
On MOoXKeT ObITh YCTAHOBJIEH KOMAaHJIOM:

sage -1 gap_packages
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4.3 Singular

Singular peocraBisier MACCUBHYIO U MPOLyMAaHHYI0 6uOmoTeKy jist 6asuca ['pébHepa, HAXOXKIEHUS HAW-
OOJIBITIErO ODIIEro JeUTeNIsd MOJUHOMOB, 0a3mca MPOCTPAHCTB IIOCKHX KpuBbiXx Pumana-Poxa u dakto-
pu3aIu, Hapsy ¢ JApyruMu Bem@amu. Mbl mokaykeM npuMep (hakTOPHU3AINN MOJUHOMOB C HECKOJbKUMU
[epeMEeHHBIMU, UCIIOJIb3yst uaTepdeiic Singular B Sage (ue BBOmHUTE . . . . :):

sage: R1 = singular.ring(0, '(x,y)', 'dp')
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ

//  number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y~8 - 9%x~2%y~7 - 18%x~3%y~6 - 18*x~5xy~6 +'
ce 'Oxx"6xy~4 + 18%x"Txy~5 + 36%x"8*y~4 + 9xx~10*y~4 - 18xx~11xy~2 -'
'9%xx”~12%y~3 - 18%x713%y~2 + 9%x~16')

TeHepb KOor'Zia MbI OITpeJIeJINJIN f, MbI BBIBOJAYM Ha dKPaH U Cl)aKTOpI/IByeM.

sage: f
9%x716-18%x713%y"2-9%x "~ 12%y~3+9%x"10%y~4-18%x" 11y~ 2+36%x " 8%y 4+18*x"7*y~5-18%x"5*xy~
—B6+9%x 76y~ 4-18%x"3*y"6-9%x" 2%y~ 7+9%y~8

sage: f.parent()

Singular

sage: F = f.factorize(); F

[1]:
_[11=9
_[2]=x"6-2%x"3*y~2-x"2%y~3+y~4
_[3] =-x"5+y~2

[2]:
1,1,2

sage: F[1][2]
XT6-2%xX" 3%y 2-x"2%y " 3+y~4

Kak u na npumepe GAP B GAP, Mbl MOXKEM COBEPIIUTH JAHHYIO (haKTOPUIAIUIO O6E3 MPSMOTO yKa3aHUsI
unrepdeiica Sage (ogHAKO 3a KyJucaMu Sage Bce paBHO uciojb3yercs unrepdeiic Singular). He somure

sage: x, y = QQ['x, y']l.gens()

sage: £ = (9%y~8 - 9*x~2%y~7 - 18%x"3*y~6 - 18*x~5*y~6 + 9*x"6*y~4

ceea + 18*x77Txy~5 + 36*x78*y~4 + 9*xx”10*y~4 - 18*x711*xy~2 - O*x~12xy~3
cot - 18*x~13%y~2 + 9*x~16)

sage: factor(f)

(9) * (-x75 + y72)72 * (Xx76 - 2*x~3*y~2 - x"2%y~3 + y~4)
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4.4 Maxima

Maxima BkioYeHa B Sage, Tak ke Kak peajmsanug Jlucna. [Taker gnuplot (koropsiit Maxima ucnosb3yer
[0 YMOJIYAHHUIO Jisl IOCTPOEHUs rpadUKOB) PACIPOCTPAHAETCS KaK JOIOJHUTEIbHbI naker Sage. Kpome
ocTasbHBIX Bemeil, Maxima 1mo3BosisgeT Ipou3BOAUTL CUMBOINYecKre MaHumy . Maxima moxkeT unTe-
rpupoBaTh u JuddepeHnnpoBaTh (DYHKIMH CHMBOJUYECKH, PellaTh OOBIKHOBEHHBIE JudepeHIaaibHbe
ypaBHeHUs 110 mopsiika, GOJIBIIYI0 YacTh JIMHENHBIX OOBIKHOBEHHBIX JIuddepeHInalbHbIX YPaBHEHUN 210
MIOPSIJIKA, UCIIOJIB30BATh Tpeobpa3oBanust Jlammaca Kak METO, JIJIsT PEIeHNs JTMHEHHBIX OOBIKHOBEHHBIX Tud-
depeHnMaIbHBIX ypaBHEHHUN JI000T0 mopsaka. Maxima Tak:ke «3HaeT» O OOJBIIOM HAOOpPE CHEIUATbHBIX
dyHKIMIA, TMEeT BO3MOXKHOCTb CTPOUTH rpaduKu npu IoMOIny gnuplot, nMeeT METObI PEIeHNsT I MAHUITY-
asun Marpunamu (K mpuMepy, Meton [aycca, HaxoxkKieHne COOCTBEHHBIX 3HAYEHWH M BEKTOPOB), a TAKXKe
YMEET PelnaTh MOJTMHOMBI.

Mer npomwsutioctpupyem pabory Sage/Maxima ¢ MOMOIIBIO MATPUIIBI, 3HAYECHUS 4, j KOTOPOIi ABJSIOTCH /7,
and i, j =1,...,4.

sage: f = maxima.eval('ij_entry[i,j] := i/j")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4]1,[2,1,2/3,1/2],(3,3/2,1,3/4]1,[4,2,4/3,1]1)
sage: A.determinant ()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],(0,0,0,0],[0,0,0,0],[0,0,0,0])

sage: A.eigenvalues()

([0,4],[3,1]1]

sage: A.eigenvectors()
(ffo,41,03,111,C[[t,0,0,-4],[0,1,0,-2],[0,0,1,-4/3]1,[[1,2,3,4]1]1]1]

Bot apyroit mpumep:

sage: A = maxima("matrix ([1, O, 0], [1, -1, o], [1, 3, -21)")

sage: eigh = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eighA

cre-2,-1,11,101,1,111,0C(0,0,111,([0,1,311,[[1,1/2,5/6111]

sage: vl = V(sage_eval(repr(eigA[11[0]1[0]1))); lambdal = eigA[0] [0] [0]
sage: v2 = V(sage_eval(repr(eigA[1][1][0]))); lambda2 = eigA[0] [0] [1]
sage: v3 = V(sage_eval(repr(eigA[1][2][0]))); lambda3 = eigA[0] [0] [2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1,0,0],[1, - 1,0],[1,3, - 211)
sage: bl = vl.base_ring()
sage: AA*vl1 == bl(lambdal)*vl
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambdal)*v2
True

sage: b3 = v3.base_ring()
sage: AA*v3 == b3(lambda3)*v3
True

Haxkomner, MbI oKaxkeM, Kak CTpOUTH rpaduku cpejcrBamu openmath. MHOTHE TIpUMEDHI SIBIISIOTCS MOJIH-
GbuIMpoBaHHBIMU IPUMEpaMU U3 PyKOBOJCTBA K Maxima

2-MepHbie rpaduKu HeCKOJIbKUX (DYHKIWMI (HE BBOIUTE . . . . :):

4.4, Maxima 67




Sage Tutorial in Russian, Bbinyck 9.6

sage: maxima.plot2d (' [cos(7*x),cos(23%x)~4,sin(13*x)~3]"',"'[x,0,1]"', # not tested
R '[plot_format,openmath] ')

«ZKusoit» TpexmepHblii rpaduK, KOTOPBINA BBl MOXKETE BPAIATh MBIIKOH (He BBOIUTE . . . . :):

sage: maxima.plot3d ("2~ (-u~2 + v~2)", "[u, -3, 31", "[v, -2, 2]", # not tested
R '[plot_format, openmath]')

sage: maxima.plot3d("atan(-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
L "[grid, 50, 50]",'[plot_format, openmath]')

Cuenyromuii rpaduk — 1o 3uamenuras Jlenrta Mébuyca (e BBOZUTE . . .. :):

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]1", #,
—not tested

"[x, -4, 41", "Iy, -4, 41",

cot '[plot_format, openmath]')

Caenyromuit rpaduk — 310 3HaMeHnTas Byrsuika Koefina (He BBOAHTE . . . .1 ):

sage: maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*xy)+ 3.0) - 10.0")
5xcos (x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)-10.0

sage: maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2%y)+ 3.0)")
-5*sin(x)* (sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)

sage: maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

5% (cos (x/2)*sin(2*y) -sin(x/2) *cos(y))

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pil", # not tested
R "ly, -%pi, %pil", "['grid, 40, 40]",

R '[plot_format, openmath]')
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[naBa 5

[lporpammupoBaHue

5.1 3arpy3ka un npukpennenune daiinos Sage

Ciremyrolee OKa3bIBaeT, KaK MOAIPY2KaTh IIPOrpaMMbl B Sage, 3alluCaHHble B OTe/bHbI (daiti. Coznaiite
daitr example.sage CO CJIEYIONAM COJIEPKAHUEM:

print ("Hello World")
print(2-3)

B mozxere IIPOYUTATH U BBIIIOJIHUTH exa.mple .sSage C IIOMOMBbIO KOMaHIbI load.

sage: load("example.sage")
Hello World
8

Bor Takke MoxKeTe IpUKpenuTh (haitii Sage K 3allyIeHHOl CeCCUr B TIOMOIIBI0 KOMAHbI attach:

sage: attach("example.sage")
Hello World
8

Tenepsb ecau Bl m3MeHuTe dailyl example.sage u BBeJETe IYCTYIO CTPOKY B Sage (T.e. HaxkMuTe return),
TO CoJiep:KuMoe example . sage OyJIeT aBTOMATUYECKH IIEPErpyKeHo B Sage.

B wacrrOCTH, attach aBromMarudecku neperpyzkaer daitsi, KAk TOJbKO OH U3MEHEH, YTO OYeHb YI00HO IpU
IOHMCKe OImubOK B Kojie, TOrJa Kak load 3arpykaer (aiij Jnib eInHOKIbI.

Korzma example.sage 3arpyzkaercs B Sage, OH IepeBofuTcs B Python, a 3aTeM BBITOIHSETCS C ITOMOIIBIO
narepuperaropa Python. SaTparsl Ha JaHHYIO OHEPAIMI0 MUHUMAJILHBI; B OCHOBHOM, 9TO BKJIIOYAET B cebs
IepeBoJL, IEIBIX KOHCTAHT B Integer (), ApoOHBIX KOHCTaHT B RealNumber (), 3aMeHy ~ Ha ** M, HAIPHUMED,
R.2 Ha R.gen(2). IlepeBemennast Bepcusi example.sage OyIET COMEPKATHCSA B TON K€ JUPEKTOPUHU, UTO
example.sage, 110/] Ha3BaHUeM example.sage.py. Jannblit daitn Oymer cojepkaTh CilelyIomuit Ko/l
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print ("Hello World")
print (Integer(2)**Integer(3))

IMesible KOHTCTAHTHI TIEpeBeieHbl U ~ 3aMeneno Ha **. (B Python ~ osmagaer <uckmogaromee NIy u **

O3HAYAET «BO3BEJICHUE B CTEIICHDB>.)
Januble oneparyu BBIIOJHAIOTCH B sage/misc/interpreter.py.)

BbI nMeere BO3MOXKHOCTD BCTaBJISITH MHOI'OCTPOYHBII KOJ[ C OTCTYIIAMH B Sage JI0 TeX 0P, IOKa eCTh HOBbIE
CTPOKH JIJIs HOBBIX 0JIOKOB (3T0 Heobsa3aresbuo s daiiios). OmHako, JydmmM crocoboM IS BCTABKU
TaKOI'0 KOJa SBJISETCS COXpaHeHne B (hailyl u MCIOIb30BaHne attach, KaK OMMCAHO BHIIIIE.

5.2 Co3paHue KOMNUANPOBAHHOIO Koaa

CKOpPOCTh — BarKHasl COCTABJISAIONIAsI B MATEMATHIECKUX BbIUUCIeHUsIX. X0Ts1 Python sBisiercst BBICOKOypOB-
HEBBIM SI3BIKOM IIPOIPAMMUPOBAHUS, HEKOTOPHIE BHIYUCICHUS MOTYT OBITH BBIIIOJHEHBI Ha HECKOJIBKO MOPSIJI-
KoB 6picTpee B Python npu ucnosb3oBanum craTH4ecKux TUMOB JAHHBIX IPU KOMIUIUPOBaHuu. Hekoropbie
KOMIIOHEHTHI Sage ObLIu ObI CJUITKOM MeJJIeHHbIME, Oyab OH HammcaH nejukoMm Ha Python. [Ias sToro Sage
HOJLJIEPKUBAET KOMIMJIUPOBAHHYIO «Bepcuio» Python, koropas maspisaerca Cython ([Cyt] u [Pyr]). Cython
OJTHOBpeMeHHO Tox0XK 1 Ha Python, u na C. BoabsmmucrBo koucrpykiwmit Python, Bkiodast nmpejcrasienne
CIIMCKOB, YCJIOBHBIE BBIPDarKeHMUsI, KOJI HAIIO[00Me +=, pa3pellleHbl; Bbl TaKXKe MOKeTe MMIIOPTHPOBATH KOJI,
HAIMCAHHBIA B Apyrux Moayiasax Python. Kpome Toro, Bel MOkeTe OOBABIATH MPOU3BOJILHBIE TIEPEMEHHBIE
C u nanpsimyro obpamarbes K 6ubsmorekam C. Koneunsbrit kox Oyzer ckonBeprupoBaH B C u obpaboran
romrmmgTopom C.

st Toro, 4Tobbl co31aTh KOMIMJIUPYEMbIil KoJ B Sage, oObsBuTe aiijl ¢ pacumpeHueM .spyx (BMecTo
.sage). Ecun Bbl paboraere ¢ nnrepdeiicoM KOMMAHIHON CTPOKH, BbI MOYKETE HIPUKPEIUIATH U 3arpyKaTh
KOMITUJIMPYEMBIN KOJ TOYHO TaK ¥Ke, KaK U MHTEPUPETUPYeMbIil (Ha JAHHBIA MOMEHT, IPUKPEILICHUE U 3a-
rpyska koja Ha Cython me nojuepxkusaercs B unrepdeiice Notebook). Camo KoMIMIMPOBAHUE TPOUCXOIUT
«3a KyJIucaMuy, He TpeOys KaKux-aubo JeficTBuil ¢ Bameil croponbl. KoMmmuimpoBanHast Oubmoreka obmux
00bekTOB cojiepkuTcs B $HOME/ . sage/temp/hostname/pid/spyx. Dru daityibl OyayT yaaleHbl IPU BBIXOJIE
u3 Sage.

IIpe-mapcupoBka He mpuMeHsieTcs K spyX daitam. Hampumep 1/3 npesparurcs B 0 B sSpyx (aiijie BMeCTO pa-
nuonaJbHOro yuncia 1/3. Homycrum, foo - aro dbyukiusa B 6ubanoreke Sage. st TOro, 9T00bl UCIIOIB30BATH
ee u3 spyx-daiina, nmmoprupyiite sage.all u npumennre sage.all.foo.

import sage.all
def foo(n):
return sage.all.factorial(n)

5.2.1 Ooctyn k cpyHkuyuam C n3 sBHewHux daiinos

Hocryn K dyskiusam C U3 BHEIHUX *.cC (DailJIoOB OCYIIECTBJIAETCS J0BOJIBHO 1mpocTo. Cozmaiite aityibl
test.c u test.spyx B OAHONU AUPEKTOPUN CO CJICAYIOIIUM COJICPXKAHUEM:

Kopn na aseike C: test.c

int add_one(int n) {
return n + 1;

}

Kon na a3pike Cython: test. spyx:
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cdef extern from "test.c":
int add_one(int n)

def test(n):
return add_one(n)

Bpmosiaure:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test(10)

11

B tom ciyuae, ecnm monamobuTcst AomosTHUTEIbHAsS OubOanoTeKa foo IS TOTO, 9TOOBI CKOMIIMJINPOBATH
koj, Ha C, monydenuniii u3 daiia Cython, mobasbre clib foo B mcrounumk Cython koma. Anasorudno,
nonosinTebHbI C daiin bar Moxker ObITH H00aBJIEH B KOMIMIAINIO ¢ 00bsaBaennem cfile bar.

5.3 CamocrositenbHble ckpuntbl Python/Sage

JlaHHBIN CAMOCTOATEbHBIN CKPUNT Sage PACKJIAIbIBACT HA MHOXKUTEJIH IIEJIble IUCIIA, [IOJTUHOMBL U T.[I.:

#!/usr/bin/env sage

import sys
from sage.all import *

if len(sys.argv) != 2:
print("Usage: %s <n>" 7% sys.argv[0])
print ("Outputs the prime factorization of n.")
sys.exit (1)

print (factor(sage_eval(sys.argv[1])))

s Toro, 4ToOBLI UCIOJIB30BaThL 3TOT cKpuntT, SAGE_ROOT mosnken Obith B PATH. Ecin BblmeonncanHbii
CKPHIIT Ha3bIiBaeTcsd factor, ciemayioliee MOKa3bIBAET, KAK €I'0 BBIITOJHUTH:

bash $ ./factor 2006
2 % 17 *x 59

5.4 Twnbl AaHHbIX

Kaxknprit o6bekT B Sage nmeer ompejiesennbii ur. Python Britiogaer B cebst 6OIBINON CIEKTP BCTPOEHHBIX
THUIIOB TOTJIA, KaK OMOInoTeKN Sage 100aBIIsA0T elle 60JbIine. BerpoeHHble TUIIBL TaHHBIX Python BKitouaroT
B cebs1 CUMBOJIbHBIE CTPOKHM, CIIMCKH, KOPTEXKH, IEJIbIe U JIPOOHBIE TUCIA:

sage: s = "sage"; type(s)

<... 'str'>
sage: s = 'sage'; type(s) # Bbl Moxeme ucnoab3oeams 080UHble UAU OOUHADPHbIE KABbIYLKU
<... 'str'>

(continues on next page)
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sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)
<... 'tuple'>

sage: s = int(2006); type(s)
<... 'int'>

sage: s = float(2006); type(s)
<... 'float'>

B cBoro ouepenp Sage j106aBisieT MHOIO JIDYIUX THIIOB JAHHBIX, HAIIPUMED, BEKTOPHOE II0JIE:

sage: V = VectorSpace(QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type(V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

Tosibko ompenesieHHble QYHKIIUA MOTYT OBITH mpuMeHeHbl K V. B Jpyrux MareMaTHdecKuX IporpaMmax
bYHKIMY BBI3BIBAIUCH ObI B «(dyHKIMoHaIbHOM» Buje: foo(V,...). B Sage onpenenennnie dyHKIMN Ipu-
KDEIUIeHbI K TUIy (Min Kiaccy) V 1 BBI3BIBAIOTCS € TOMOIIBIO0 06 EKTHO-OPUEHTHPOBAHHOTO CHHTAKCHCA, KaK
B Java wim C++, Hanpumep, V.foo(...). D10 criocobCcTBYeT TOMY, YTO UMEHHAsT 06JIACTH BUIUMOCTHU HE 3a-
XJIAMJISIETCST JIECITKAMY ThICSIY (DYHKIMIA, U O3HAYAET, UTO MHOIHE (DYHKIUY C PA3HBIM COJIEPKAHUEM MOLYT
6bITh Ha3BaHbI «f00» Oe3 MpoBepku TUIIOB apryMeHTOB. Takxke, ecim Bor ucnosnb3yere umst QyHKITUH TTOBTOP-
HO, 9Ta (DYHKIMs BCe PABHO JOCTYIHA (HAIPUMED, ecju Bbl BbI3bIBAETE YTO-TO Halojobue zeta, a 3areM
XOTHTE BBIYUCJIUTH 3Hadenne dbyukiuu Riemann-Zeta upu 0.5, Bor Mmoxere naneyarars s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

B HEKOTOPBIX 4aCTO BCTPEYAIONINXCS CJIyUYasiX, OOBITHOE (DYHKIMOHAIbHOE 0003HAUYEHNE TAKYKE CIIOCOOCTBYET
yI0OCTBY U3-3a TOrO, 9YTO MATEMATHYECKHE BBIPAXKEHUsI MOI'YT BBINJISIIETH 3aIlyTAHHO [IPU NCAOJIH30BAHUU
00bEKTHO-OPUEHTHPOBAHHOTO 0603Hadennsa. Hampumep:

sage: n = 2; n.sqrt()
sqrt(2)

sage: sqrt(2)

sqrt(2)

sage: V = VectorSpace(QQ,2)
sage: V.basis()

L

(1, 0),
0, 1

]

sage: basis(V)

C

(1, 0),
0, 1

]

sage: M = MatrixSpace(GF(7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A

[1 2]

(continues on next page)
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[3 4]

sage: A.charpoly('x')
X"2 + 2%x + b5

sage: charpoly(4, 'x')
X"2 + 2%x + 5

st Toro, 9Tobbl MEepeYncuTh BCe UaeHb-DYHKIMU jyisi A, Hamedaraiite A., a 3aTeM HAXKMUTE KHOIKY
[tab] ma Bamreit ktaBuatype, Kak ommucano B pazzmenae OoOpammviti nouck U a8MmodoNnONHEHUE

5.5 Cnucku, kopTexmn n nocsenoBaTesibHOCTU

Tun JaHHBIX CIMCOK MOXKET XPaHHUTh B cebe 9JeMeHThl pasHbiX TunoB JaHubix. Kak 8 C, C++ u T.1., HO B
OTJIMYHUE OT JAPYTUX aJreOpamvdecKux CUCTEM, JIEMEHTHI CIINCKA HAYMHAIOTCS ¢ mHAekca (:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v
[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)

<... 'list'>
sage: v[0]

2

sage: v[2]

5

IIpu mumekcupoBaHUu CHUCKA, TPUMEHEHUE WHIEKCOB, HE sABJISIOMNXCH MesibiM uncyioM Python, cpaboraer
HOpPMAaJIbHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # yenoe uucao Sage

sage: v[n] # pabomaem npaguabrO

3

sage: v[int(n)] # moxe pabomaem npasussvro
3

DyHKIys range CO3/1aeT CIUCOK IIEJIbIX YUCes, UCIoyb3yeMbix Python(ue Sage):

sage: list(range(l, 15))
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

D10 ym06HO, KOrJa JJIsl CO3/[aHusl CIINCKOB HCIIOJIB3YETCsI BHJI CIIACKA.

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[1, 2, 3, 272, 5, 2 % 3, 7, 273, 372, 2 x 5, 11, 272 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

(1, 3, 5, 7, 372, 11, 13]
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st Gosbiero nonnManusi cniuckos cm. [PyT.

Pacrensienre CuckoB - 310 oueHb yao0HbIH uHCTpYMeHT. JomycruMm L - 910 crncok, torga Lm:n] BepHer
HOJI-CIIUCOK L, HOJIyYeHHBIH, HAUNHASI C SJI€MEHTa Ha IO3MIHMK 1 U 3aKAHYMBAs JEMEHTOM Ha IO3UIIHK
(n — 1), KaK II0KA3aHO HUKE.

sage: L = [factor(n) for n in range(1l, 20)]

sage: L[4:9]
[65, 2 x 3, 7, 273, 372]
sage: L[:4]

1, 2, 3, 2°2]

sage: L[14:4]

(]

sage: L[14:]

[3 x5, 274, 17, 2 * 372, 19]

KOpTe}KI/I UMEIT CXOJCTBO CO CIIMCKaMM, OJJHAKO OHU HEU3MeHdAeMbl C MOMEHTa CO3JaHUA.

sage: v = (1,2,3,4); v

(13 2’ 39 4)
sage: type(v)
<... 'tuple'>

sage: v[1] = 5
Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

ITocienoBaTeILHOCTH - 3TO TUII JTAHHBIX, CXOXKUI IO cBOMcTBaM co crimckoM. [lociteoBaTeTbHOCTA KaK THUID
JaHHBIX He BCTpoeHbl B Python B ommmuame or crimckoB u koprexeit. [lo ymosmganuto, mocienoBaTeibHOCTD
SIBJISIETCST M3MEHSIEMOM, OTHAKO WCIOJIb3ysd MeToJ] set_immutable m3 Kiiacca Sequence, OHa MOXKET OBITH
clesaHa Hem3MEHsSeMOl, KaK IOKA3aHO B CJIELYIONeM IpuMepe. Bee 3jieMeHTh 0C/Ie[0BATEIbHOCTH UMEIOT
0DIIero pouTeNsl, UMEHYEMOIO0 YHUBEPCYMOM IIOCJIEOBATEIHOCTH.

sage: v = Sequence([1,2,3,4/5])
sage: v

[1, 2, 3, 4/5]

sage: type(v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>

sage: v.universe()

Rational Field

sage: v.is_immutable()

False

sage: v.set_immutable()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

HOCJ’IG,D;OB&TGJ’H:HOCTI/I MOryT OBITH HUCIOJIB30BAHBI Be3ae, rae MoryT OBITH HUCIOJIB30BAHBI CIIUCKMU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

(continues on next page)
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True

sage: list(v)

[1, 2, 3, 4/5]
sage: type(list(v))
<... 'list'>

Basuc 1 BeKTOpPHOrO TOJsT ABJISIETCST HEM3MEHSIEMOU TOCJIEI0BATETLHOCTHIO, TaK KaK OYeHb BayKHO He
U3MEHATH UX. DTO [MOKA3AHO B CJIEYIONIEM ITPUMEpe:

sage: V = QQ"3; B = V.basis(); B

L

(1, 0, 0),
(0, 1, 0),
(0, 0, 1)
]

sage: type(B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()
Vector space of dimension 3 over Rational Field

5.6 Cnosapwmu

CuroBapp (Tak:Ke MMEHYEMBIl aCCOIMATUBHBIM MACCHBOM) - 9TO COIIOCTABJIEHHE ,X3IIUPYEMbIX® OOBLEKTOB
(KaK CTPOKM, YUCIIa U KOPTEXKH U3 HUX; CM. JokyMeHTaruio Python: http://docs.python.org/tut/node7.html
u http://docs.python.org/lib/typesmapping.html) nponssosabHbIM 0GbEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[zZ]

Finite Field of size 7
sage: d[1]

5

TpeTI/Iﬁ KJII09 IIOKa3bIBA€T, YTO HMHJEKCBI CJIOBapsd MOI'y OBITH CJIO2KHBIMU, KaK, HalIpUMep, KOJIbIIO IIeJIbIX
quceJI.

Mozxkno OpeBpaTUuThb BBIITICOTTMCAHHBINA CJIOBapb B CIIMCOK C TE€M 2K€ COACPKUMbBIM:

sage: list(d.items())
[(1, B), ('sage', 17), (Integer Ring, Finite Field of size 7)]

YHacTo UCIoIb3yeMoit TPAKTUKON SBJISIETCS MTPOU3BEICHNE UTEPAIUil TI0 ITapaM B CJI0oBape:
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sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

Kak mokaspiBaer mocsenuit mpuMep, cIoBaphb He YIOPSIOUEH.

5.7 MHoxecTBa

B Python ectp BcTpoeHHBIM THII MHOXKECTBO. [JIABHBIM MPEUMYIIIECTBOM 3TOTO THUIA SIBJIAETCS OBICTPHIi
[IPOCMOTP, IIPOBEPKA TOI0, MPUHAJJIEIKUT JIA FJIEMEHT MHOYXKECTBY, & TaKKe OOBIYHBbIE OIEPAIMH U3 TEOPUU
MHOXKECTB.

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X # random sort order

{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection(Y)
{1}

B Sage Takke uMeercs CBOH THUN JAHHBIX MHOXKECTBO, KOTODBIH (B HEKOTODPBIX CJIydasax) OCYIIECTBJIEH ¢ UC-
[TOJTb30BAHUEM BCTPOEHHOIO TUIA MHOXKeCTBO Python, Ho BKiouaer B cebst PyHKIIMOHATIBHOCTD, CBI3AHHYIO
¢ Sage. Cozpaiite MHOXKECTBO Sage ¢ momoreio Set (. . .). Hampumep,

sage: X = Set([1,19,'a']); Y = Set([1,1,1, 2/3])
sage: X # random sort order

{ra', 1, 193}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3}

sage: X.intersection(Y)

{13}

sage: print(latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set(ZZ)

Set of elements of Integer Ring
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5.8 NrepaTtopol

Nreparopsn! - 3T0 cpaBHUTENHHO HefaBHee qobasienne B Python, koTopoe siBsieTcss 09eHb TTOJIE3HbIM B MaTe-
MaTUYECKUX IIPUIOKeHUAX. HecKoIbKo IpIMepoB HCIIOIb30BaHNS UTEPATOPOB IPUBEIEHBI HIKE; [10/IpOOHEe
eum. [PyT]. 31ech cosmaercst nrepaTop /il KBAJIPATOB HEOTPHUIATENBHBIX Yrces 10 10000000.

sage: v = (n~2 for n in range(10000000))
sage: next(v)

0
sage: next(v)
1
sage: next(v)
4

Cremyoomuii npuMep - CO3/aHUe UTEPATOPOB M3 MPOCTHIX umcesl Buia 4p + 1 ¢ IpoCThIM p U MPOCMOTP
HECKOJIbKHUX IE€PBBIX 3HAYEHU:

sage: w = (4*xp + 1 for p in Primes() if is_prime(4#*p+1))

sage: W # random output Ha caedywuyel cmpoke 0xb0853d6c moxem bbime Opyzum,
—WECMHAOYamUD UYHbIM YUCAOM

<generator object at 0xb0853d6c>

sage: next(w)

13
sage: next(w)
29
sage: next(w)
53

OnpeaeneHHble KOJIbIla, KaK 1 KOHE€YHbIE IIOJId U IIeJible YhCJla, UMEIOT UTepaTOpPbI:

sage: [x for x in GF(7)]

[0, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next(W)

0, 0)

sage: next (W)

0, 1

sage: next (W)

0, -1)

5.9 Uuknbl, dyHkumnm, ynpasnsiouime KOHCTPYKLUN N CPAaBHEHUS

Mper y2ke Buzein HECKOJIBKO MPUMEPOB € UCHOJb30BanneM mukioB for. B Python nukn for mmeer tabysm-
POBaHHYIO CTPYKTYDPY:

>>> for i in range(5):
print (i)

N~ O

(continues on next page)
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3
4

3amerbTe mBoeTOUne Ha KOHIE BhiparkeHusi(«do» mmm «od», kak GAP mim Maple, He ucnosnssytores), a
OTCTYIIBI TIEPEJT «TeJIOM» IMKJA, B YaCTHOCTH, repes print(i). DTum orcrynbl BakHbL. B Sage orcTynb
CTaBATCS aBTOMATHYIECKU [TPY HAXKATUHU enter mocje «:», KaK MOKA3aHO HUXKE.

sage: for i in range(5):
R print(i) # waxmume Enter Oeamxdsl

CumBoJ1 = ucnosib3yercs i npucBanBanus. CUMBOJI == UCHOJIb3YETCS JJIsi IPOBEPKU PABEHCTBA:

sage: for i in range(15):
coa if ged(i,15) == 1:
ce print (i)

NwmeiiTe B Buy, Kak TaOyJisiiiusi OlpejiesisieT CTPYKTYPY 6JIOKOB Jjist oneparopos if, for u while:

sage: def legendre(a,p):

ce is_sqr_modp=-1

Coa for i in range(p):

R if a % p==1"2 % p:
ce is_sqr_modp=1
ca return is_sqr_modp

sage: legendre(2,7)
1
sage: legendre(3,7)
-1

Koneuno, 310 He 3pdekTuBHas peasmsanus cuMposa Jlexanapa! JIaHHBINA TpUMEp CILYXKUAT JIMIIb MJLIIO-
cTpanyeli pa3HbIX aclleKToB nporpamMvuposanus B Python/Sage. @ynkiust {kronecker}, Bcrpoennas B Sage,
MOACYUTHIBAET CUMBOJI JIexKamapa 3¢hPeKTUBHO ¢ ucmoab3oBanneM 6ubamnorek C, B 9aCTHOCTH, C UCIOIH30-
paunueM PARI.

CpaBHeHHH == lI= <= >= > < MeX/y YNCTaMI aBTOMATHIECKU MEPEBOIAAT 00a WIeHa B OJMHAKOBDLIN THII:

sage: 2 < 3.1; 3.1 <=1
True

(continues on next page)
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False
sage: 2/3 < 3/2; 3/2 < 3/1
True
True

MCHOHB3yﬁTe IIepeMEHHbIE bool JJIsl CUMBOJIBHBIX HEPABEHCTB:

sage: x < x + 1
x<x+1

sage: bool(x < x + 1)
True

[Ipu cpaBHeHUHM OOBEKTOB PA3HOrO TUMA B OOJIBITUHCTBE CIydaeB Sage IMOMbITACTCS HAUTH KAHOHUIECKOE
npuBeienne oboux K obiemy poautenio. [Ipu ycrnexe, cpaBHeHNE BBITTOJTHIETCS MEXKTY TPUBEIECHHBIMUA 00b-
eKTaMU; eCJIA HET, TO O0bEKTHI OYIyT paclieHeHbl KaK HepaBHbie. /lJjisi IPOBEPKHU PABEHCTBA JIBYX IIEPEMEHHBIX
ucrosip3yitre is. Hampumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

B cienyromux aByx cTpoKax mepBoe HEpaBEHCTBO jaeT False, Tak Kak HET KAHOHMYECKOro Mopduszma Q —
F5, mostomy He cymiecTByeT KaHOHHUIeCKOro cpasHeHus mexnay 1 B Fs mw 1 € Q. Opnako, cymecrByer
KaHoHm4eckoe npusesenne Z — Fy, mostomy BrOpoe Bhipaxkenue maer True. 3amMeTbTe, HOPSIOK HE UMEET
3HaYEHUS.

sage: GF(5) (1) == QQ(1); QQ(1) == GF(5) (1)
False

False

sage: GF(5) (1) == ZZ(1); ZZ(1) == GF(5) (1)
True

True

sage: ZZ(1) == QQ(1)

True

BHUMAHUE: Cpasuenne B Sage mnpoBojuTcst 6osiee KEcTKo, deM B Magma, koropasi o0bsiisier 1 € Fjy
paBHbIM 1 € Q.

sage: magma('GF(5)!1 eq Rationals()!1") # optional - magma
true
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5.10 TMpodcdunnuposaxne

Asrop pasuena: Martin Albrecht (malb@informatik.uni-bremen.de)
«IIpexxieBpeMenHasi ONTUMHU3AINS - 9TO KOPEHb Bcero 3ia.» - Jlonanpa Kayr

YacTo 0oUeHb TOJIE3HO MPOBEPATH KOJI HA CJIa0ble MECTa, MOHUMATbh, KAKNE YACTH OTHUMAIOT HAUOOJIbIIee
BpeMsl Ha BBIYUCJIEHUST; TAKMM 00pPa30M MOXKHO y3HATh, KAKKMe YacTH KOJa HaJ0 ONTUMU3NpoBaTh. Python u
Sage penocTaBIsIeT HECKOJIBKO BO3ZMOXKHOCTEH Jj1sd NPOMUINPOBaHUs (TaK HA3BIBAETCS STOT IIPOIECC).

CaMpblif JIerKuil Iy Th - 3TO UCHOJIB30BaHKe KOMaH bl prun. OHa BO3BpaIaeT KPaTKyo WH(MOPMAIUIO O TOM,
KaKoe BpeMs OTHHUMAaeT Kakjasa dyakius. Jlantee cieyer mpuMep yMHOKEHIS MATPHUI] U3 KOHEYHBIX IOJIEil:

sage: k,a = GF(2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for in range(10%10)])

sage: %prun B = AxA
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
21056 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

B mammom npumepe ncalls - 9TO KOJIUYIECTBO BBI30BOB, tottime - 9T0 00Iiee BpeMsi, 3aTpa4eHHOe Ha OIIPE/Ie-
senHy0 GbyHKIuoO (32 NCKIIOYeHNEM BPEMEHN BBI30BOB CyO-dyHKImit), percall - 310 oTHOIIEHNE tottime
K ncalls. cumtime - 370 obIlee BpeMsi, IOTPatdeHHOE B 9TOW U Bcex cyO-dyHKIusX, percall - 370 OTHOIIe-
HUe cumtime K YHC/Iy IPUMUTUBHBIX BBI30BOB, filename:lineno (function) mpemocraBisier nHMOPMAIUIO
0 Kax10il hyHKImu. Uem Bbiire QyHKINS HAXOAUTCHA B 9TOM CIIACKE, TeM OOJIbIle BPEMEHU OHA OTHUMAET.

prun? MOKaXKeT JeTajd O TOM, KaK HCIIOJIb30BATH KOMAH/Y HPOMUIMPOBAHUS U MOHUMATH PE3YJIbTAT €e
HUCIIOJIb30BAHUA.

IIpodunupyromas nadOpMAaIys MOXKET OBITh BIIUCAHA B OOBEKT st OOJiee MOAPOOHOTO M3y YeHUs :

sage: Jprun -r AxA
sage: stats =
sage: stats?

3amerka: BBOJ stats = prun -r A\*A 0TOOpPa3UT CHHTAKCHYECKYIO OMMUOKY, TAK KaK Prun - 9T0 KOMaHJa
obostouku IPython, a ne obbranas yukms.

s rpacduueckoro orobparkenusi npoduaupyforeii nadopManyuu, Bel Moxkere wucrosb3oBark hotshot -
HeGOJIBINOI CKpUNT, HasBaHHBIA hotshot2cachetree m nporpammy kcachegrind (ronpko B Unix). Tor xe
puMep ¢ ucroab3oBanueM hotshot:

sage: k,a = GF(2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for in range(10%10)])

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

sage: import hotshot
sage: filename = "pythongrind.prof"
sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Profile instance at 0Ox414cllec>
sage: prof.close()

Pezynbrar 6yner nomemnien B daiis pythongrind. prof B Tekyineit pabodeit qupekropuu. s Bu3yaansanun
s1a nHpOpMaIs MOXKeT OBITh TIepeBejieHa B (popmar cachegrind.

B cucremmuoit obosouke BBEANTE

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

Brixomuoit daitsnn cachegrind.out.42 Tenepb MOXKeT OBITH IPOAHAJIM3NPOBAH C IOMOIINBIO kcachegrind.
3amernre, uTo 0obo3HadYeHne cachegrind.out.XX JI0/KHO OBITH CODJIIOJIEHO.

5.10. Mpodunnposatne 81




Sage Tutorial in Russian, Bbinyck 9.6

82 Fnasa 5. Mporpammuposaxune



[naBa 6

cnonb3sosanue SageTeX

Berpoennsrit B Sage naker SageTeX mo3Bossier BHEAPATH PE3YIbTATHI BEIYUCIeHMIT B foKyMeHT Tuma LaTeX.
Iutst TOro, ITOOBI MCIIOIB30BATEH JAHHBIA MaKeT, MMOHAI00UTCI «YCTAHOBUTH» €0 B JIOKAJIbHYIO cucreMy TeX
(ot «ycTaHOBKOiT» mosipasyMeBaeTes Konuposanue ofuoro daidina). Cm. Yemanoska, a rakxke pasmen «Make
SageTeX known to TeX» Pykososcrsa 110 yeranoske Sage (Jlalias CCbLIKA BEIET K JIOKAJILHOMY Pa3MEIIEHUIO
KOIIMU PYKOBOJCTBA MO yCTAHOBKE).

B sTom ypoke mokazan mebosbInoi npumep ucmonb3oBanus SageTeX. Ilomunas mokyMmeHTaInsT HAXOIUTCS B
SAGE_R00T/local/share/texmf/tex/latex/sagetex, rige SAGE_ROOT - 3TO AuPEKTOPHs, B KOTOPOil ycTa-
HOBJIEH Sage. DTa HalKa COJEPKUT JOKYMEHTAINIO, (Dalyl ¢ IPUMEPOM U ToJIe3Hble cKpunThl Python.

Hust Hauamna paborel ¢ SageTeX ciesyiite yKazaHusM 10 YCTAHOBKe (B Yemano6ka) U BCTABBTE CJIE LY IOIIUsT
TeKCT B (ailyl Ha3BaHHBINA, CKaXkeM, st_example.tex:

IIpenynpexxaenne: Hukecaeayronmit TEKCT MOXKET COJEPKATH HECKOJBKO COODIeHn 06 ommnoKax,
CBSI3aHHBIX C HEU3BECTHBIMU YIIPABJIAIOIMINMHE ITOCJIEI0OBATETLHOCTSIME, €CJIM BBl HCIIOJIb3yeTe WHTEpaK-
TUBHYIO TOMOIIb. OTKpO#TE CTATUIECKYIO BEPCHUIO, YTOOBI YBUJIETH IPABUJIBHBIA TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are

$\sage{number_of _partitions(1269)}$ integer partitions of $1269%.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}

(continues on next page)

83



http://doc.sagemath.org/html/en/installation/index.html
../../en/installation/index.html

Sage Tutorial in Russian, Bbinyck 9.6

(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

\[
\frac{\mathrm{d}~{2}}{\mathrm{d}x~{2}} \sage{f(x)} =
\sage{diff(f, x, 2)(x)}.

\]

Here's a plot of $f$ from $-1$ to $1$:

\sageplot{plot(f, -1, 1)}

\end{document}

Samycrure LaTeX nnsa st_example.tex. 3amernre, uro LaTeX Oymer KajioBaTbCsi HA HEKOTOPBIE BEIH,
KaK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st _example.tex/plot-0.eps on page 1 does
not exist. Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on
st__example.sage, and then run LaTeX on st _example.tex again.

Cpemn daitnos, cremepupoBanubix mocie 3amycka LaTeX, ects ¢ait st_example.sage, SBIISIONHUIICS
ckpunToM Sage. CoobIrienne, MOKa3aHHOE BBINIE, IPEJIATAJIO 3alyCTUTh st_example.sage, MOITOMY CTO-
UT TaK U cesnaTh. 3aTeM Oyzer npemioxkeno 3amyctuth LaTeX s st_example.tex erie pas; mepej STUM
Oyner coznan daitin st_example.sout. DToT (aill cOmepKUT pe3y/IbTATH BEIYUC/IEHN B Sage B dhopMmare,
ymoorom mirst LaTeX. Hosas manka, comepxxkammas EPS-daiir ¢ rpadukom, Takke OymeT co3maHa aBTOMaTH-
qeckn. 3amycrure LaTeX erme pa3: Bce, 9T0 OBLIO BHIYHCIEHO B Sage, Teleph BKIIIOYEHO B Barn mokyMenT.

Ilepeuncium maru:
e sanycrure LaTeX s .tex daitia;
e 3amycTuTe Sage i CTeHePUPOBAHHOTO .sage (aiia;
e zanycture LaTeX emre pas.

IlyskT ¢ 3amyckoM Sage MOYKHO IIPOIMYCTUTD, €CJIM HUKAKUHE M3MEHEHUs] He ObLIN IMPUMEHEHBI K KOMAaHIaM
Sage B mOKyMeHTe.

SageTeX mpemraraeT MHOrO BO3MOXKHOCTEH, 1 Tak Kak Sage u LaTeX sBJIsAIOTCS MOITHBIME HHCTPYMEHTAMH,
To crout n3y4uuth SAGE_ROOT/local/share/texmf/tex/latex/sagetex.
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[naBa 7

[Mocnecnosue

7.1 Mouyemy Python?

7.1.1 MNpeumyuwectea Python

OcHoBHOII s13bIK peanusanuu Sage — 1o Python (em. [Py]), omrako oz, KOTOpEIi H0/2KeH 06pabaThIBATHCS
OBICTPO, HAITMCAH HA KOMIIMJIMPYEMOM si3bike. ¥ Python ecTsb psiy npenmyIecrs:

CoxpaneHue o0bEKTOB MUPOKO ucoib3yercs B Python. B Python mpucyrcryer mognepxka co-
XpaHeHust (IIOYTH) JIIOOBIX 0ObEKTOB Ha JIICK WJIH B 6a3y JaHHBIX.

SamedaresbHas TOJJEPKKA JOKYMEHTAIMU (QYHKIWNA U MTAKETOB B MCXOTHOM KOJE, BKJIIOUYAsT aB-
TOMaTUYECKHUIl JOCTYII K JOKYMEHTAIMH U aBTOMATHYECKOEe TECTUPOBAHME BceX NpuMepoB. lIpumepsr
MIPOBEPSIFOTCS aBTOMATUYIECKH Ha PEryJIsipHON OCHOBE U WX IPAaBUJIbHAs pabOTOCIIOCOOHOCTH rapaHTU-
poBaHa.

Yupasisienne namaTtbio: Python mveer npomymanubIil M CcTAOUIBHBIN MeHEIKEp MaMsITH U COOp-
IIIIK MYCOPa, KOTOPbIE MCIPABHO PAbOTAIOT C IMUKJINIECKUMU CCHIIKAME M TO3BOJISIIOT MCIOJIb30BATH
JIOKaJIbHBIE IIepEMEHHbIE B (haiiyiax.

Python nmeer MHO>k€CTBO TAaKETOB, JOCTYITHBIX y2Ke ceifdac, KOTOPbIe MOI'YT ObITh HHTEPECHBI TI0JTb-
30BaTENISIM Sage: YMCJICHHBIN aHaau3 u juHelinas ajarebpa, 2D u 3D Busyanuzanus, cersb (11 pacupe-
JIeJIEHHBIX BBIUUCJIEHUIT U CEPBEPOB, HAIIPUMED € HOMOIIbIO twisted), nomaepkka 6a3 JaHHBIX U T.1I.

ITopTupyemocTts: Python ¢ jerkocTbio KoMmuanpyercss Ha OOJIBIMMHCTBE TIATHOPM B CIUTAHHBIE
MUHYTBI.

Pabora ¢ nckmaouenusimu: Python comep:KuT CI0KHBIA U IPOIYyMAHHBI MeXaHU3M PadOTHI C WC-
KJTIOYEHUSIME, OJ1aromaps IeMy IIPOrpaMMbl IIPOJIOJIZKAIOT PaboTaTh JasKe TPU BOSHUKHOBEHUH OITHOOK
B BBI3BIBAEMOM UMM KOJIE.

Omnagumk: Python Bkitouaer B cebst OTJIaINK, TaAK YTO KOTJA IIPOrpaMMa He paboTaeT 1o KaKou-To
[IpUYMHE, [T0JIb30BATEb MOXKET IOJIYUYATh JOCTYII K MCTOPUU CTEKA, IIPOBEPUTH COCTOSTHIE HEOOXOIu-
MBIX II€PEMEHHBIX, IIEPEMEIIATHCS 10 CTEKY.
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IIpodunmpoBIiuK: cymiectByeT npoduanposmuk Python, KoTopsril 3amyckaeT Ko 1 CO3/1aeT OTIeT
10 KOJINYECTBY BBI3OBOB M BpeMeHM PabOThI KaXKJION (DyHKITH.

Asbik: BmecTo TOro, 94robbI mMucaTh HOBBIM SA3BIK I MATEMaTHKH, KaK 9TO OBLLIO CIEJIaHO I
Magma, Maple, Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u r.x1., Mbl uCHO/IB3yeM
s13bIK Python, KOTOpBIit SIBJISIETCS MOy ISIPHBIM SI3bIKOM IIPOrPAMMUPOBAHNS; OH aKTUBHO PA3BUBAETCS
U ONTUMHU3MPYETCsI COTHSIMU OIIBITHBIX CHEIMAIICTOB II0 IIpOorpaMMHOMY obectieuernuto (cm. [PyDevl]).

7.1.2 TMpe-napcep: Pa3znununsa mexay Sage n Python

B mekoropsix Mmaremarmyeckux acrekrax Python moxker BBecTu B 3a0i1y2K1eHne, Io9TOMY Sage Bemer cedst
HEMHOTO JIPYTHM 00Pa30M.

O6o3HaueHUe BO3BeJIeHUsI B CTEMEHb: ** BMecTo ~. B Python, ~ o3Havaer «MCKIIOYATETLHO UM
(xor)», a He BO3BeJIeHNE B CTENeHb, Tak B Python:

>>> 278
10

>>> 372
1

>>> 3%%x2
9

Wcnonp3oBanme ~ MOXKET MOKA3aThbCsl CTPAHHDBIM; 9TO HE TaK BAaYKHO JIJII MATEMATHIECKUX MUCCJIEI0Ba~
HUI, TIOTOMY KaK «HCKJIFOUUTEILHO UJIN» UCIIOJIB3YeTCsl JTOBOJIBHO pesiko. iist yiobersa, Sage MCIOIb-
3yer mpe-napceep s IPOBEPKHU KOJa Hepe TeM, Kak OH Iepejgaercd B Python, u cumson =~ (ecsm on
HE HAXOIUTCS B CTPOKE) 3aMEHIACT Ha, *%*:

sage: 278
256

sage: 372
9

sage: "372"
|3’\2l

Henenne nenbix uunces: Boipaxkenue 2/3 B Python osnadaer He To, yero oxujaer mareMaTuk. B
Python 2, ecsiu m u n - 1esble 9ncsia, To m/n TaKXKe IEJI0€ THCJIO, €CIM OBITH TOYHEe, TO Iejlasl YacTh
ot mesnenns m wa n. CremoBarensuo 2/3=0. B coobmecrBe Python obcyxmaercs BapuanT n3MeHeHUs
omepaTopa Tak, 9ToObI 2/3 BO3BpAIIAJIO UHC/IO ¢ IIaBaoIeil Toukoit 0.6666. .., a 2//3 Bo3BpaIaaio
0.

B unTepnperarope Sage Mbl ucosb3yeMm oboznadenue Integer( ) u JiesieHne UCIOIB3YEM KakK KOH-
CTPYKTOD JJIsl PAIlMOHAIbHBIX unces. Hampumep:

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field

sage: 2//3

0

Bouabme 1iesnpie yucia: Python nMmeer BCTpoeHHYIO TIOIIEPKKY HEJIBIX YHUCEJT ITPOU3BOJIBHON TOY-
noctu B gonosHenne K C-int’am. OHm HamMHOTO MejIeHHee, 9eM To, 94To npemocrasasger GMP, a Takxke
UMEIOT CBOHCTBO: CUMBOJI L B KOHIIE, 4TOOBI OTJINYATH UX OT EPEMEHHDLIX TUIA int (K 9TO He U3MEeHUTCs
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B GunzkaiimeM GymynieM). Sage HCIOJIb3YeT LeJible YUCIa IPOU3BOJILHON TOYHOCTH ¢ nomMoibio GMP
C-6ubmoTeKkn, 1 OHU BBIBOISTCS Ha 9KpaH 6e3 L.

Bwmecro usmenenust unrepnperaropa Python (Kak mocTynuim HeKOTOPBIE JIOAU J1Jisl BHY TPEHHUX [IPOEKTOB),
MbI ucnoab3dyeMm Python kak ects, n mpumensiem npe-mapcep fyis IPython tak 4To0b1 moBenerne KOMAaHTHON
crpoku [Python coorBeTcTBOBAIIO OXKUJIAHUSIM MATEMATHKOB. DTO O3HAYAET, UTO JIIOOOI CyIIECTBYONUI KO
Ha Python moxker 6biTh ucnosib3oBan B Sage. OmHaAKO, HY»KHO NPUIEPKUBATHCS cTaHuapTa Python mpu
HAIMCAHUU IAKETOB, KOTOpPbIE Oy/IyT UMIIOPTUPOBAHBI B Sage.

(Y106l ycranosuth maker Python, KoTopblil, cKazkeM, Bbl HAIIIM B MHTEPHETE, CJeLyidTe HHCTPYKIUU, HO
3amyckaiite sage -python BmecTo python. OdueHb JaCTO 9TO O3HAYAET, UITO HY?KHO BBECTH sage -python
setup.py install.)

7.2 Kak npuHAaTb yyacTue B pa3pabotke Sage?

Eciu BBl x0THTE TIOMOYBL B pa3paboTke Sage, 370 OyeT orneHeHo 1o gocrouHcTBy! TloMons MoKeT BapbUpo-
BAThCsI OT BHECEHUST M3MEHEHUI B KO 10 JOMOJHEHUs CIIPABOIHON MH(MOPMAITIN U HAXOXKICHUS OAroB.

Iounmure nrdopmanuio aist pa3pabOTINKOB HA IIABHON CTPAHHIE Sage; KPOME BCETO IIPOUEro, Bbl MOXKeTe
HalfTH CIIMCOK IIPOEKTOB, CBSI3aHHBIX C Sage, OTCOPTHUPOBAHHBIX II0 IPHOPUTETY U KATEropuu. PyKoBo/icTBO
paspoboTynKka Sage COAEPKUT [TOJIE3HYI0 HHQPOPMAIINIO; BB TAKKe MOXKeTe y3HaTh Oosbiie B Google-rpye
sage-devel.

7.3 Kak npaBunbHO ccbiniaTtbcsa Ha Sage?

Eciu BeI uctiosb3yere Sage st Hamcanus pabOThI, MOKAIYHCTa, YKAKUTe, 9TO BBIYACIEHUsT ObLIA TTPOU3-
BEJIEHBI C TTOMOIBIO Sage. BrirounTe

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B paszjen 6ubamorpadun (3amensist 8.7 Bepcueil Sage, KOTOPyO Bbl ncnosbayere). Kpome Toro, noxamyiicra,
[IOCTAPAlTECh OTCJIEIUTh, KAKIe KOMIIOHEHTHI Sage ObLIN NUCIIOIb30BaHbI JIJIsi BEIYucjienuii, Harpumep PARI?,
GAP?, Singular? Maxima?, u ykazkuTe 3TH CUCTEMbI. KCJIM BbI COMHEBAETECH O TOM, KaKOe IIPOrPaMMHOE
obecIriedeHne UCIoIb3yeTCs I BBIYUC/IeHnit, 3aalite Borpoc B Google-rpymnmne sage-devel. Cum. IToauromut
000U nepemennots 1 JaJIbHeAIIero ooCy K IeHnsl 3TOM TeMBbI.

Ecsiu BbI pounTamm 970 pyKOBOACTBO OT HaYasa 0 KOHIA, U y BAC €CTh COODparKeHusl 110 IMTOBO/LY BPEMEHH,
3aTPaveHHOr0 Ha HEro, MmoxkaJyiicra, BeicKaxKuTe cBoe muenne B Google-rpyrie sage-devel.

Hacnaxmaiirecs Sage!

7.2. Kak npuHaTtb y4actue B pa3pabortke Sage? 87
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[naBa 8

HononHexne

8.1 lMpuoputetr GuHapHbIX apndMeTUHECKUX onepaTopos

Yro rakoe 3~2*%4 + 2%57 Suauenue (38) oupezeseHo 1o 3T0i «TabinIle NPHOPUTETa oreparoposs. Tabsuma
HUXKe OCHOBaHa Ha Tabsmie u3 § 5.14 kauru Python Language Reference Manual, G. Rossum and F. Drake.
OrmepaTopbl PACIIOJIOXKEHBI B TIOPSIIKE BO3PACTAHUsT CTAPIITHHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

> <=, > >= == |= | comparison

=+, - addition, subtraction

* /% multiplication, division, remainder
R exponentiation

CrenoBare/ibHO, 9TOOBI IOCUUTATh 372%4 + 245, Sage paccrapjsier ckooku Tak: ((372)*4) + (2%5). Cua-
qajia CIuTaeTrcsa 372, To ecTh 9, 3areM cunTaoTca (372)*4 u 2%5, U HaKOHEI[ OHU CKJIaIbIBAIOTC.
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Bubnunorpadus
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JlntepaTypa

[Cyt]
[GAP]

[GAPkg]
[GP]
[Mag]
[Max]

Cython, http://www.cython.org

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, https://
www.gap-system.org

GAP Packages, https://www.gap-system.org/Packages/packages.html
PARI/GP, https://pari.math.u-bordeaux.fr/
Magma, http://magma.maths.usyd.edu.au/magma/

Maxima, http://maxima.sf.net/

[NagleEtA12004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-

[Pyl
[PyB|
[PyDev|
[PyLR]
[Pyr]
[PyT|
[SA]

[Si]

[SJ]

[ThreelS]

Wesley, 2004.

The Python language, http://www.python.org/

The Python Beginner’s Guide, https://wiki.python.org/moin/BeginnersGuide
Python Developer’s Guide, https://docs.python.org/devguide/

Python Library Reference, https://docs.python.org/3/library/index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~ greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial /

Sage web site, https://www.sagemath.org/

G.-M. Greuel, G. Pfister, and H. Schénemann. Singular 3.0. A Computer Algebra System for
Polynomial Computations. Center for Computer Algebra, University of Kaiserslautern (2005).
https://www.singular.uni-kl.de

William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm.
Computer Algebra {39} (2005) 61-64.

three.js, http://threejs.org
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